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MARVEL 

“The prize focuses on how to evaluate the variation in the energy of the real
system in a accurate and efficient way […]. The Car–Parrinello approach is the
leading strategy along this line.”

“Simulations are so realistic that they predict the outcome of traditional
experiments.”

From www.nobelprize.org/nobel_prizes/chemistry/laureates/2013/ 

THE RISE OF SIMULATION SCIENCE



NATURE, 
October 2014

THE TOP 100 
PAPERS:

12 papers on 
DFT

in the top-100 
most cited 

papers in the 
entire scientific 
literature, ever.



AROSA (GRISONS), 27th DECEMBER 1925

At the moment I am struggling with a new 
atomic theory. I am very optimistic about 
this thing and expect that if I can only… 
solve it, it will be very beautiful. 

Erwin Schrödinger



Schrödinger equation and the 
complexity of the many-body Ψ
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Schrödinger equation and the 
complexity of the many-body Ψ

“... the full specification of a single wave function of neutral iron is a function of
78 variables. It would be rather crude to restrict to 10 the number of values of
each variable … even so, full tabulation would require 1078 entries.”

Douglas R Hartree
Charles G. Darwin, Biographical Memoirs of Fellows of the Royal Society, 4, 102 (1958)
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Variational Principle
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Hartree Equations
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The Hartree equations can be obtained directly from the 
variational principle, once the search is restricted to the many-
body wavefunctions that are written as the product of single 
orbitals (i.e. we are working with independent electrons)



Spin-Statistics

• All elementary particles are either fermions 
(half-integer spins) or bosons (integer)

• A set of identical (indistinguishable) fermions 
has a wavefunction that is antisymmetric by 
exchange

• For bosons it is symmetric
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The top supercomputer in the 1920s



As We May Think – Atlantic Monthly Jul 1945
The advanced arithmetical machines of the future […] will perform complex arithmetical
computations at exceedingly high speeds, and they will record results in such form as to
be readily available for distribution or for later further manipulation.

Only then will mathematics be practically effective in bringing the growing knowledge of
atomistics to the useful solution of the advanced problems of chemistry, metallurgy, and
biology.

A memex is a device in which an individual stores all his books, records, and communications,
and which is mechanized so that it may be consulted with exceeding speed and flexibility. It is an
enlarged intimate supplement to his memory.

It consists of a desk, and while it can presumably be operated from a distance, it is primarily the
piece of furniture at which he works. On the top are slanting translucent screens, on which
material can be projected for convenient reading. There is a keyboard, and sets of buttons and
levers.

Wholly new forms of encyclopedias will appear, ready made with a mesh of associative trails
running through them.

The chemist, struggling with the synthesis of an organic compound, has all the chemical
literature before him in his laboratory, with trails following the analogies of compounds,
and side trails to their physical and chemical behavior.



Reduced density matrices

γ 2 ′r1, ′r2,r1,r2( ) =

γ 1 ′r1, r1( ) =

N(N −1)
2

...∫ Ψ ′r1, ′r2,r3,r4 ,...,rN( )Ψ* r1,r2,r3,r4 ,...,rN( )dr3 dr4 ...drN∫

N ...∫ Ψ ′r1, r2, r3, r4,..., rN( )Ψ* r1, r2, r3, r4,..., rN( )dr2 dr3 dr4...drN∫



The exact energy functional is known!

E = − 1
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But: N-representability problem!



Density-functional theory

• The external potential Vext and the number N of 
electrons completely define the quantum 
problem

• The wavefunctions are – in principle – uniquely 
determined, via the Schrödinger Equation

• All system properties follow from the 
wavefunctions

• The energy (and everything else) is thus a 
functional of Vext and N



Fermi’s intuition

• Let’s try to find out an expression for the 
energy as a function of the charge density

• E = kinetic + external pot. + el.-el.
• Kinetic is the tricky term: how do we get the 

curvature of a wavefunction from the charge 
density ?

• Answer: local-density approximation



Local-density approximation

• We take the kinetic energy density at every 
point to correspond to the kinetic energy 
density of the non-interacting homogenous 
electron gas
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It’s a poor man Hartree…

• The idea of an 
energy functional is 
not justified

• It scales linearly, and 
we deal with 1 
function of three 
coordinates !



First Hohenberg-Kohn theorem

The density as the basic variable: the external 
potential Vext determines uniquely the charge 

density, and the charge density determines 
uniquely the external potential Vext.

1-to-1 mapping: Vext ⟺ n



The universal functional F[ρ]

The ground state density determines the 
potential of the Schrödinger equation, and 
thus the wavefunction. 

The universal functional F is well defined:

 
F[n(!r )]= Ψ T̂ + V̂e−e Ψ



Second Hohenberg-Kohn theorem

 
Ev[n(

!r )]= F[n(!r )]+ n(!r )Vext (∫ !r )d!r ≥ E0

The variational principle – we have a new 
Schrödinger’s-like equation, expressed in 

terms of the charge density only 

(n determines its groundstate wavefunction, that can be taken as 
a trial wavefunction in this external potential)

 
Ψ Ĥ Ψ = Ψ T̂ + V̂e−e +Vext Ψ = n !r( )Vext

!r( ) + F[n]∫



The non-interacting unique mapping

• The Kohn-Sham system: a reference system is 
introduced (the Kohn-Sham electrons)

• These electrons do not interact, and live in an 
external potential (the Kohn-Sham potential) 
such that their ground-state charge density is 
identical to the charge density of the 
interacting system



The Kohn-Sham mapping

F decomposed in non-interacting kinetic + 
Hartree + mistery



MSE-468 Quantum Simulations of Materials: 
Properties and Spectroscopies - N. Marzari, Fall 

2013, EPFL 

The Homogeneous Electron Gas



It works!



Summary on xc 
(energy – see late for spectral)

• LDA (local density approximation)
• GGA (generalized gradient approximation): 

BP88, PW91, PBEsol, BLYP, …
• Meta-GGAs: Laplacian (SCAN)
• WDA (weighted density approximation –

good, not much used)
• Bayesian-optimized functionals (BEEF)
• DFT + Hubbard; hybrids (B3LYP, PBE0PBE, 

HSE) - part of Fock exchange



What can I do with it ?

• Which properties are “ground state” properties ?
• How accurate are we?
• What is the microscopic origin of the observed 

behavior ?
• How can we be realistic? (introduce the effects of 

temperature, pressure, composition; study non-
periodic systems such as liquids; go from a few 
atoms to many)



EXAMPLES

• From total energy to thermodynamics
– temperature, pressure, chemical potentials and partial 

pressures, electrochemical potential, pH

• From DFT to real electrons
– many-body perturbation theory
– quantum Monte Carlo
– DMFT, cluster DMFT, DCA



• Length, time, phase and composition sampling
– linear scaling, multiscale,
– metadynamics, sketch-map
– minima hopping, random-structure searches

• Complex properties
– phase diagrams
– spectroscopies and microscopies: IR, Raman, XPS, XANES, 

NMR, EPR, ARPES, STM, TEM…
– transport: ballistic, Keldysh, Boltzmann

EXAMPLES



Hellmann-Feynman TheoremThink beyond the energy…

dE
dl
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S. Baroni et al., Phys. Rev. Lett. (’87), Rev. Mod. Phys (‘01)



Phonons and temperature

• A harmonic crystal is exactly equivalent to a Bose-
Einstein gas of independent, harmonic oscillators.

• .



MULTISCALE, MULTIPHYSICS

1. Vibrational properties from density-functional theory  
(electrons from many-body perturbation theory)

2. Carriers’ scattering rates from density-functional 
perturbation theory (www.quantum-espresso.org)

3. Wannier interpolations (www.wannier.org, epw.org.ac.uk)
4. Transport properties from Boltzmann’s equation

http://www.quantum-espresso.org/
http://www.wannier.org/
http://www.epw.org.ac.uk/


C.-H. Park et al., 
Nano Letters (2014)

T. Y. Kim, C.-H. Park, 
and N. Marzari, 

Nano Letters (2016)

FIRST-PRINCIPLES            EXPTS (Efetov and Kim) 

MULTISCALE, MULTIPHYSICS
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www.quantum-environment.org

I. Dabo, N. Bonnet, Y. Li and N. Marzari, "Ab-initio Electrochemical Properties
of Electrode Surfaces", in Fuel Cell Science: Theory, Fundamentals and Bio-
Catalysis, A. Wiecowski and J. Norskov Eds., John Wiley and Co. (2011).

O. Andreussi, I. Dabo and N. Marzari, “Revised self-consistent continuum solvation in
electronic structure calculations”, J. Chem. Phys. 136, 064102 (2012).

http://www.quantum-environment.org/


What’s wrong with DFT ?

• In its practice, it is approximate

• It is a static theory (of the charge 
density)



Notable failures I: Charge transfer



Notable failures I: Charge transfer



Neepa Maitra  JCTC 2009, Helbig and Rubio JCP 2009

Notable failures II: Beautiful, but perverse



Notable failures III: Delocalization of electrons/holes

D. A. Scherlis and N. Marzari, JPCB (2004), JACS (2005)



LDA

Notable failures IV: Photoemission spectra
(IP from HOMO – should be exact)

EXPT

I. Dabo et al. Phys. Rev. B 82 115121 (2010)



+ 

Notable failures V:  H2
+ dissociation limit
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So, it doesn’t work even for one electron

HF B3LYP LDA

A.J. Cohen, P. Mori-Sanchez, W. Yang, Science (2008)



So, it doesn’t work even for one electron

HF B3LYP LDA

A.J. Cohen, P. Mori-Sanchez, W. Yang, Science (2008)



DFT

DFT+U correction

A DFT + Hubbard U approach

• The energy functional has an 
unphysical curvature

• the exact solution is 
piecewise linear



• The energy functional has an 
unphysical curvature

• the exact solution is 
piecewise linear

• a +U correction reproduces 
the exact solution

DFT

DFT+U correction

A DFT + Hubbard U approach

U and rotationally-invariant U: V.I. Anisimov and 
coworkers PRB (1991),  PRB (1995); Dudarev, Sutton and 
coworkers PRB (1995)
LRT U: M. Cococcioni (PhD 2002), and M. Cococcioni and 
S. de Gironcoli. PRB (2005)



DFT

DFT+U correction

A DFT + Hubbard U approach

U and rotationally-invariant U: V.I. Anisimov and 
coworkers PRB (1991),  PRB (1995); Dudarev, Sutton and 
coworkers PRB (1995)
LRT U: M. Cococcioni (PhD 2002), and M. Cococcioni and 
S. de Gironcoli. PRB (2005)



H.J. Kulik, M. Cococcioni, D.A. Scherlis, and N. Marzari, Phys. Rev. Lett. (2006)
H.J. Kulik and N. Marzari,  JCP 129 134314 (2008)

Methane on FeO+: GGA vs MRCI

MRCI 
GGA



Methane on FeO+: GGA+U vs MRCI

H.J. Kulik, M. Cococcioni, D.A. Scherlis, and N. Marzari, Phys. Rev. Lett. (2006)
H.J. Kulik and N. Marzari,  JCP 129 134314 (2008)

MRCI 
GGA+U



U

on-site interactions

FROM ON-SITE TO INTER-SITE

inter-site interactions

V

ligands (O/N/S/P…)

A cation

Hubbard U favors integer occupations
of electronic d states (0 or 1)  

Hubbard V favors fractional occupations
(hybridization between d and p states)  B cation: 

d or f 
orbitals



primitive cell q points

I. Timrov, N. Marzari, and M. Cococcioni, Phys. Rev. B 98, 085127 (2018)

U AND V FROM DFPT: AUTOMATIC, INEXPENSIVE



METHODS’ PANORAMA



DFT + U has nothing to do with correlation !

LiFePO4
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MPO4

Li0.5MPO4

Mixed-valence Fe/Mn/Co olivines for battery 
cathodes



LixFePO,4:,from%PBE%to%scf%DFT+U+V

LiFePO4LiFePO4 Li0.5FePO4Li0.5FePO4 FePO4FePO4
Method 2+ 3+ 2+ 3+ 2+ 3+

PBE 6.22 6.11 6.08 5.93
PBE+U 6.19 6.19 5.68 5.65

PBE+Uscf 6.21 5.74 6.19 5.70
PBE+Uscf+Vscf 6.22 6.22 5.77 5.76

Method F. E. (meV/FU) Voltage (V)
Exp > 0 ~ 3.5
PBE -126 2.73

PBE+U 159 4.06
PBE+Uscf 189 3.83

PBE+Uscf+Vscf 128 3.48



M. Cococcioni and N. Marzari, Phys. Rev. Materials 3, 033801 (2019).

MIXED-VALENCE OLIVINES FOR BATTERY CATHODES



That was good, 
Adam. Can you make 

it more general?



OBJECTIVE: SPECTRAL FUNCTIONALS

Spectral properties with a functional theory

It’s actually not very difficult, but cannot be done with DFT: a
functional of the local, static density gives you only the
energy

A functional of the local spectral density 𝜌(r,ω)) provides
also the correct energy levels

In a quasi-particle approximation, this spectral functional
depends discretely on the orbital densities 𝜌(r,i)



LINEARIZATION

remove ~quadratic Slater

add linear Koopmans

I. Dabo et al., Phys. Rev. B 82, 115121 (2010)
G. Borghi et al., Phys. Rev. B 90, 075135  (2014)



minimization

GW100 TEST SET
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N. Colonna et al., JCTC (2018)



BAND GAPS AND IPs (30 SOLIDS)

GW: W. Chen and A. Pasquarello PRB 92 041115 
(2015)
Koopmans: L. Nguyen, N. Colonna, A. Ferretti, 
and N. Marzari, PRX in press (2018)
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BAND STRUCTURES (KI)

De Gennaro, Colonna, and Marzari (in preparation).

PBE G0W0 QSG#W KI Exp(-ZPR)

0.68 1.17 1.30 1.22 1.22

PBE G0W0 QSG#W KI Exp(-ZPR)

4.19 5.59 5.90 5.98 5.88



Why is DFT like           ?

I. It’s very popular! Everyone does it
II. It’s fast and easy, and requires no 

thinking
III. You can swipe functionals left until 

you find the one that works for 
you, for a while

N. Marzari, Materials modelling: The frontiers and the challenges, 
Nature Materials 15, 381 (2016)



About your cat, Mr. Schrödinger –
I have good news, and bad news.


