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Ensembles
Free Energies

Phase Transitions

Monte Carlo: Chapter 5 
Molecular Dynamics: Chapter 6

Free Energies: Chapter 7
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Lecture 1
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Lecture 1&2
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Lecture 1&3



6

Different Ensembles
Ensemble Name Constant 

(Imposed)
Fluctuating 
(Measured)

NVT Canonical N,V,T P

NPT Isobaric-isothermal N,P,T V

µVT Grand-canonical µ,V,T N
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NVT

Liquids

Equation of State of Liquid Carbon

Imposed



8

NPT
Liquids

Equation of State of Liquid Carbon

Imposed

… if force is difficult to calculate …
e.g. carbon force field
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NPT
Liquids

Equation of State of Liquid Carbon

Imposed
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NPT
Non-Isotropic Systems

e.g. Solids

Structure and Transformation of 
Carbon Nanotube Arrays
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µVT

Adsorption

Adsorption in Carbon 
Nanostructues

Schwegler et al.
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Statistical Thermodynamics
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Lecture 2



Ensemble average
( ) ( )[ ]NNN

N
NVT

NVT
UA

NQ
A rexprdr

!
11
3 b-

L
= ò

( ) ( )ò= NNN PA rrdr
( ) ( )
( )ò

ò=
NN

NNN

P

PA

rdr

rrdr

( ) ( )[ ]
( )[ ]ò

ò
-

-
=

NN

NNN

UC

UCA

rexpdr

rexprdr

b

b ( ) ( )[ ]
( )[ ]ò

ò
-

-
=

NN

NNN

U

UA

rexpdr

rexprdr

b

b

Generate configuration using MC:

( ) ( )[ ]NMCNMC UCP rexpr b-=

{ }NMNNNN r,r,r,r,r 4321 ! ( )Ni
M

i
A

M
A r1

1
å
=

=

with

( ) ( )
( )ò

ò=
NMCN

NMCNN

P

PA

rdr

rrdr

( ) ( )[ ]
( )[ ]ò

ò
-

-
=

NMCN

NMCNN

UC

UCA

rexpdr

rexprdr

b

b

( ) ( )[ ]
( )[ ]ò

ò
-

-
=

NN

NNN

U

UA

rexpdr

rexprdr

b

b

Lecture 2

Weighted Distribution



Monte Carlo: Detailed balance

acc(o→ n)
acc(n→ o)

=
N (n)×α(n→ o)
N (o)×α(o→ n)

=
N (n)
N (o)

o n

Lecture 2
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NVT-ensemble

acc( ) ( )
acc( ) ( )

o n N n
n o N o
®

=
®

( )( ) expN n U nbé ùµ -ë û

( ) ( )acc( ) exp
acc( )

o n U n U o
n o

b® é ùé ù= - -ë ûë û®

Lecture 2

Realize by, for example, Metropolis algorithm
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NPT ensemble

We control the 
• Temperature (T)
• Pressure (P)
• Number of particles (N)
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Scaled coordinates

/i i L=s r
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Scaled coordinates

This gives for the partition function
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The energy depends on 
the real coordinates

Intermezzo



The NPT ensemble
Here they are 
an ideal gas

Here they interact

What is the statistical thermodynamics of this ensemble?

N in volume V

M-N in volume V0-V

V0 is fixed

V varies from 0 to V0

V0 : total volume
M  : total number of

particles
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The NPT ensemble: 
partition function
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QMV0 ,NV ,T =
V0 −V( )
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To get the Partition Function of this system,  we have to 
integrate over all possible volumes:
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As the particles are an ideal gas in the big reservoir we have:

Pr b=
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We have
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NPT Ensemble
Partition function:

[ ] ( )3 d exp ds exp s ;
!

N N N
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Probability to find a particular configuration:

( ) [ ] ( ), exp exp s ;N N N
NPTN V V PV U Lb bé ùµ - -ë ûs

Sample a particular configuration:
• change of volume 
• change of reduced coordinates

Acceptance rules ??

Detailed balance
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Detailed balance

acc( ) ( ) ( ) ( )
acc( ) ( ) ( ) ( )

o n N n n o N n
n o N o o n N o

a
a

® ´ ®
= =

® ´ ®

o n



26

NPT-ensemble
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Suppose we change the position of a randomly selected particle
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NPT-ensemble
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Suppose we change the volume of the system
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Algorithm: NPT

• Randomly change the position of a particle
• Randomly change the volume
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NPT simulations

Equation of State of Lennard Jones System
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Grand-canonical ensemble

What are the equilibrium conditions?
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Grand-canonical ensemble

We impose:
– Temperature (T)
– Chemical potential (µ)
– Volume (V)

– But NOT pressure



38

The ensemble of the total system

Here they are 
an ideal gas

Here they interact

What is the statistical thermodynamics of this ensemble?
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The ensemble: 
partition function
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QMV0 ,NV ,T =
V0 −V( )

M−N
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dsN∫ exp −βU sN ;L( )$
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To get the Partition Function of this system, we have to 
sum over all possible number of particles
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Now let us take the following limits:

0

constant
M M
V V

r
®¥ü

= ®ý®¥ þ
As the particles are an ideal gas in the big reservoir we have:
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µVT Ensemble
Partition function:

Probability to find a particular configuration:
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Sample a particular configuration:
• Change of the number of particles
• Change of reduced coordinates

Acceptance rules ??

Detailed balance
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Detailed balance
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µVT-ensemble
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Suppose we change the position of a randomly selected particle
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µVT-ensemble
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Suppose we change the number of particles of the system
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Application: equation of state of 
Lennard-Jones
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Summary
Ensemble Constant 

(Imposed)
Fluctuating 
(Measured)

Function

NVT N,V,T P βF=-lnQ(N,V,T)

NPT N,P,T V βG=-lnQ(N,P,T)

µVT µ,V,T N βΩ=-lnQ(µ,V,T)=-βPV

with Monte Carlo



Molecular Dynamics
Ensembles  

Velocity scaling
Andersen Thermostat

Hamiltonian & Lagrangian Appendix A
Nose-Hoover thermostat

NVT
Constant Temperature



Constant Temperature
Naïve approach

Velocity scaling

Do we sample the canonical ensemble?
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3 1 1
2 2

N

B i
i

k T mv
N =

= å

req

Ti i

T
v v®



Maxwell-Boltzmann velocity distribution 
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Fluctuations in the kinetic energy or particle
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Andersen thermostat

Every particle has a fixed probability to collide 
with the Andersen demon

After collision the particle is give a new velocity

P v( ) = β
2πm
!

"
#

$

%
&

3 2

exp −βmv2 2(
)

*
+

The probabilities to collide are uncorrelated (Poisson distribution)
Distribution of time-intervals between collisions:

P t;v( ) = vexp −vt"# $% : collision frequencyv



Andersen thermostat: 
static properties



Andersen thermostat: 
dynamic properties



Equations of Motion
Hamiltonian  and  Lagrangian

Cartesian coordinates             (Newton) → 
Generalized coordinates             
x, !x( )

q, !q( )
L q, !q( ) =Uk !q( )−Up q( )Lagrangian

d
dt
∂L q, !q( )
∂ !q

=
∂L q, !q( )
∂q

Conjugate momentum

pq =
∂L q, !q( )
∂ !q

!pq =
∂L q, !q( )
∂q

Equations of motion
Lagrangian equations of motion 



Newton?

Conjugate momentum

px =
∂L x, !x( )
∂!x

=m!x

!px =
∂L x, !x( )
∂x

= −
∂Up x( )
∂x

= F

L q, !q( ) =Uk !q( )−Up q( )

L x, !x( ) = 12m!x
2 −Up x( )

d
dt
∂L q, !q( )
∂ !q

=
∂L q, !q( )
∂q

Valid in any coordinate system: Cartesian



Lagrangian dynamics
We have:

2nd order differential equation 

Two 1st order differential equations 

q, !q( )→ !!q ="

q, p( )→ !q ="∧ !p ="
Change dependence:

q, !q( )→ q, p( )

With these variables we can do statistical 
thermodynamics



p =
∂L q, !q( )
∂ !q

H q, p( ) = !qp− L q, !q( )

= !qd p( )+ pd !q( )−
∂L q, !q( )
∂q

dq+
∂L q, !q( )
∂ !q
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∂L q, !q( )
∂q

= − !pdq+ !qd p( )

dH q, p( ) = ∂H
∂q
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#
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∂H
∂p

"
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'dp

!q = ∂H
∂p

!p = −∂H
∂qHamilton’s equations of motion

{

q, !q( )→ q, p( )

Hamiltonian

dH q, p( ) = d qp( )−dL q, !q( ).



Nosé thermostat

LNose =
1
2
ms2 !ri
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Extended system 3N+1 variables

Associated mass
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Nosé and thermodynamics
HNose = H p ',r( )+ ps
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Gaussian integral

Recall

MD

MC
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Equations of Motion
LNose =

1
2
ms2 !ri

2

i=1

N

∑ −U rN( )− 12Q!s
2 −
g
β
ln s

Lagrangian

Hamiltonian

Conjugate momenta

ps =
∂L
∂!s

=Q!spi =
∂L
∂!ri

=ms2 !ri

HNose =
pi
2

2ms2
+
ps
2

2Qi=1
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Equations of motion:
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dt
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∂HNose
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