Free Energy and Phase Equilibria

Thermodynamic Integration (7.1)
Chemical Potentials (7.2)
Overlapping Distributions (7.2)
Umbrella Sampling (7.4)
(Application: Phase Diagram of Carbon)



Why Free Energies?

« Reaction equilibrium constants A< B

Bl ps _ B
Al p = exp[-B(G, -G,)]

K:

 Examples:
— Chemical reactions: e.g. catalysis, etc....
— Protein folding, binding: free energy gives binding constants

* Phase diagrams
— Prediction of thermodynamic stability of phases
— Coexistence lines
— Critical points
— Triple points
— First order/second order phase transitions



Phase diagrams
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Critical point: no transition between
liquid and vapor

Triple point: liquid, vapor and solid in
equilibrium.

How do we compute these lines?
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Along the liquid-gas coexistence line
increasing the pressure and
temperature at constant volume the
liquid density becomes lower and the
vapor density higher.

Carbon Phase Diagram
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Phase equilibrium

Criteria for equilibrium (for single component)

T, =T P, = Py L=y

Chemical potential
oF 0G
(3, (5, -
IN/J,: \ON/p;

If u, >, : transport of particles from phase | to phase Il.

Stable phase:

Lowest chemical potential (for single phase: lowest Gibbs free energy)




Relation thermodynamic potentials

Helmholtz free energy: F =U —TS
Gibbs free energy: G=F+PV

Suppose we have F(n,V,T)

Then we can find G from F from:

), el
GV n.T aV n,T

All thermodynamic quantities can be derived from F and its derivatives



Phase equilibria from F(V,T)

Common tangent construction 0=AG=A4AF + PAV
AF =-PAV
F liquid Equal tangents

Connecting line: equal G

V



We need F (or G)

« We can calculated F(V), using equation of state P(V)

F(V)= F(V)+fvo(w) dV = F(V,) - [ PdV

o P(p)

F(p)=F(p)+ N [ —2=dp’ (V=N/p)

« So in fact for only 1 point of the equation of state the F is needed

» For liquid e.o.s even from ideal gas

BE(P)IN = BF“ ()N + [T PRI g

o




Equation of state
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BE(p)IN = pF“ (o) /N + [ PELT P gy




Free Energies and Phase Equilibria

General Strategies

Determine free energy of both phases separately, relative to a reference state
Free-energy difference calculation
General applicable: Gas, Liquid, Solid, Inhomogeneous systems, ...

Determine free energy difference between two phases
Gibbs Ensemble
Specific applicable: Gas, Liquid




Statistical Thermodynamics
Probabillity to flnd a particular configuration (NVT)

P(rN ) Q]iVT Yy, f dr'” (3(r —r )exp[—ﬁU (r'N )] ocexp[—/J’U (rN )]

Partition function

Ovyr = A3NN'fdr exp[ ﬁU( )]

Free energy
pr = - 1n(QNVT )

Ensemble average

(A)yir = 5 vy J O A Jexe[-BU()]




Ensemble average versus free energy

. . . N N _N _N N
Generate configuration using MC: {r1 USRI CEN VI ,I’M}

1o LSy et A )exe[-put)]
A M;A(l ) - fdrNeXp[—/J’U(rN)] _< >

NVT

Generate configuration using MD: {fN SR TA]}]}
B T N 17
A= DA )= faam [=(4)
i=1 0 ergodicity

BF = =InQyyy =-In—i— [ar" exp[-pU(r")]

F is difficult, because requires measuring the phase space volume




I - Thermodynamic integration

 Known reference state A=0
« Unknown target state A=1

Reference System

Coupling parameter

]/ Target System
(1-A)U{U,,/
fdr exp[ /3U( )]

U(X) =
Ouyr(2) =

A3NN'

IF (A)
I

F(A=1)-F(A=0)= jdit

NV.T



Thermodynamic integration

. de'N(aU()L)/a)\.)CXp[—
fdrN exp[—/BU()»)

(50,

=
=
=

| I—

Free-energy difference
as ensemble average!

IF (A)

A

F()L=1)—F()L=O)=fd)t

dU(A)

F(A=1)- F(%=0)= fd)L<>)L

A

N,V.T



Example

* In general

U(2)=(1-MU, + AU,

)

- Specific example

U()\,) — ULJ + )\’Udipole—dipole

U (0) =U" Lennard-Jones

¥

) s Stockmayer
(A

u(t
oU

4) o)



Free energy of solid

More difficult. What is reference?
Not the ideal gas.

One (natural) choice is an Einstein crystal: harmonic oscillators around 7,

U(Ar) = (1= 20 () +p0 (1 )+ 2 atri- 7
i=1

A=1
8U()L) Note, here:
r=r, — fd)‘< I AL =1 Reference System
=0 A A =0 Target System

0 i=1

F=F, — 71dk<—U(rN) +U(r") + éa(n— ro,i)2>



Hard sphere freezing
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Il - Thermodynamic perturbation

Two systems:
System O: N, V, T, U, System 1: N, V, T, U,

0, = fds exp /3U) 0 = fds eXp [J’U)

A3NN A3N

ABF = BF, - BF,=-In(Q,/0,)

fdsN exp[—[a’Ul]

fdsN exp(—[a’UO)

fdsN exp _—/S(U1 —UO)]exp[—/J’UO]
fdsN exp(—/J’UO)

=—In

=—In

ABF = —ln<exp [_[3 (Ul -U, )]>o



Particle Insertion Method

Ourr = s [ 05" exp[-pU(s":L)

A3NN'

BF = —In(Qyr)
TSR

- —Nln( Ai ) +N- ln( [ ds" eXp[—/?’U (SN?L)])

o

BF = BF'* + BF ™ } Pu=pu’ + pu
pu'

_(9BF" ex _
=( - )V,T/a’u —(

)
“Z\on ),

aﬁF ex

oN

)V,T
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Widom test particle insertion

)V,T

BF(N +1))- BF(N))
N+1-N
O(N +1)

O(N)

pu=

=—In

—_

—In

3N +3 ds™ ! [— U
ANt | [ fds™ exp|-p
fdsN exp|-BU

.

=
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f ds"* exp|-pU
—In =
fdsN exp|-BU
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Widom test particle insertion

fdsN+1 exp:—/b’U(sN”;L)]
fdsN exp:—/é’U(sN;L)]

U(SN+1;L) =AU" + U(SN;L)

pu”

—In

—In

/ [ds" [ds,. eXP[—ﬁ(AU T U(SN;L))]\
\ f ds" exp[—[j’U (SN;L)] /
Jds.. Jas"{exp[-paU- Jfexp[-pU (SN;L)]J
| f ds" exp@(sN;L)]

—In

[ f ds.. <eXp[_ﬁAU+]>Z\% :[ Ghost particle! }




Hard spheres

Bu = _ln( f ds ., <eXP[_/3AU+]>NVT)

0 1if overlap

exp|-PAU" | = {

1 no overlap

Gatentens

(hananinn

Ll

St

St

<exp[—[3’AU+]> probability to insert a test particle!

‘ But, ... may fail at high density




Thermodynamic perturbation — Umbrella Sampling

Two systems:
System O: N, V, T, U, System 1: N, V, T, U,

0, = fds exp /3U) 0 = fds eXp [J’U)

A3NN A3N

ABF = BF, - BF,=-In(Q,/0,)

fdsN exp[—[a’Ul]

fdsN exp(—[a’UO)

fdsN exp _—/S(U1 —UO)]exp[—/J’UO]
fdsN exp(—/J’UO)

=—In

=—In

ABF = —ln<exp [_[3 (Ul -U, )]>o



Umbrella sampling

« Start with thermodynamic perturbation
fdsN exp(-pU,)
—In
fdsN exp(-BU,)
f ds" exp(-BU, )exp(-BAU)
fdsN exp(-BU,)

exp(~PAF) = {exp(-pAU)),

APF = —1U(Q1/Qo) =

exp(—BAF ) =

Can we use this for free energy difference between arbitrary systems?



P(AU)

System 1

ABF =-In(exp[-B (U, -U,)]),

System 0

AU

Overlap becomes very small }




Bridging function

* Introduce function n(sN) altering distribution.

[ ds"n(s"yexp(-pU, ) /m(s")
[ ds"n(s"yexp(-pU, ) /m(s")

exp(—BAF ) =

exp(—/J’AF) = (exp (= BAU)))o

<exp(—/g’U1 )/ Jr>”
<exp(—[3’U0) / J'L’>ﬂ

* This approach is called umbrella sampling



P(AU)

System 1

umbrella

System 0

AU



Illl - Overlapping Distribution Method

Two systems:

System O: N, VT, U, System 1: N, VT, U,
v N
Q, = A3N]\”fds exp(-pU,) O = e fds exp(-BU, )

ABF = BF, - BF, ==1n(Q,/Q, ) 111(de
=—IM /) ==
=AU (0 function) Qf ds” exp( -pU,

[ ds" exp(-BU,)3(U, ~U, %AU _
po(AU) = deN exp(—ﬁUO )w pl(AU) - deN exp(—/)’Ul)

[ ds" exp[-B(U, - U, )]exp[ BU, (U, - U, - AU)

e J ds" exp(-pU, ﬁ 101
0, _1_9 }
— = AF N _ o
) expgj=%exp(—/sw)f ds” exel /”UoQ]5<U1 U,-AU) O Q0

p,(AU)= %exp(-ﬁAU) p, (AU) Inp,(AU) = B(AF = AU) +In p,(AU)




Overlapping Distribution Method

Inp,(AU) = B(AF = AU) + In p,(AU)

fo(AU) =1n p,(AU) - 0.56AU

Simulate system 0: compute f,

ﬂ(AU) = In pl(AU) + O.SﬁAL{Simulate system 1: compute fj

PAF = £,(AU) - f,(AU)




Chemical potential (LJ fluid)

System 0: N-1, V, T, U + 1 1deal gas System 1: N, V, T, U
ABF = BF, - BF, = u* AU =U, -U,
System 0: test particle energy System 1: real particle energy
pu = £,(aU)- f,(AU)
0 B ' ! ' ! ' | ' | ! _ 15 ! | ' | ! ]




[ T, 1s arbit
/
4 1

<A>NVT Ovrr A3NN' f dr” A( )exp[—/é’lU(rN)]

Jar A exp-BU()
Jdr* expl-BU(r")]
[ drNA(rN)eXp[—ﬁlU(rN)]exp[ﬁzU(rN) - [3’2U(rN)]
e ] Py e o g R )
mgte A A exsB.U() - U ) Jexe[-B.U (" )]

ra/ryv_} IV - Non-Boltzmann sampling

Wi

-~

\%Slmulatlong f dr" exp[/g’zU (rN ) -BU (rN )]exp[—[o’zU r" )]
N

<Aexp[(/32 - ﬁl)U]> NVT, fWe perform a simulation at 7=7), and

we determine 4 at 7=1T}

(exp[(B, = BIU]),,,,.




P(L)

Overlap becomes very small }




Tracing coexistence curves

» |If we have a coexistence point on the phase diagram we can
integrate allong the line while maintaining coexistence.

P en T are equal along
coexistence line

dP

d“oc = d“ﬁ

dT

—Jy



Tracing coexistence curves

dP

dT

—y

Clapyeron equation

dP AU +PV)

dT

TAV

dP

_ AU + PV) JT
TAV




