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!
understanding the cellular processes	

– folding	

– structure formation (cytoskeleton)	

– complex formation (regulation)	

– neurodegenerative/genetic diseases	

– …..	
!

novel self assembling biomaterials	

– artificial tissue	

– smart packaging 	

– self healing coatings	

– sensors

Protein self-assembly

Challenge	
understanding and predicting protein 
assembly with advanced molecular 
simulation	



All-atom force fields for biomolecules
• Potential energy for protein
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Currently available empirical force fields
• CHARMm 	 (MacKerrel et 96)	
• AMBER    	 (Cornell et al. 95)	
• GROMOS  	 (Berendsen et al 87)	
• OPLS-AA	 (Jorgensen et al 95)	
• ENCAD    	 (Levitt et al 83)	
• ….. 	

!
!

• Subtle differences in improper torsions, scale factors 1-4 bonds, united atom  rep.	
• Partial charges based on empirical fits to small molecular systems 	
• Amber & Charmm also include ab-initio calculations 	
• Not clear which FF is best : top 4 mostly used	

!
• Water models also included in description	

– TIP3P, TIP4P	
– SPC/E	

• Current limit: 106 atoms, microseconds ( with Anton ms)
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Conformational order parameter λ

Molecular Dynamics of proteins

e��F (�) = h�(�(r)� �)i

MD yields 	
• equilibrium statistics: free energy landscapes, 

stable structures, transition states,  …	
• kinetics: rates, mechanisms, transport 

properties, … 

FE landscape: high dimensional trajectory can 
be projected onto collective variable λ 



Timescales in proteins
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Conformational space

fs ps ns μs ms s

Bond 	
vibration

Methyl  
rotation

Loop  
motion

Side-chain rotamer

Larger domain 
motions

Local flexibility Collective motions

Reactions

• Straightforward MD inefficient	
!

• enhanced sampling: thermodynamic integration, 
umbrella sampling, hyper dynamics, adaptive 
biasing force, metadynamics, ….  
makes exponential barrier problem linear  
requires good reaction coordinate



Transition path sampling
Importance sampling of the rare event path ensemble:	
all dynamical trajectories that lead over (high) barrier and connect stable states.

Why TPS?	
!
-selects important rare paths	
-yields unbiased molecular dynamics	
-no reaction coordinate needed	
-reaction coordinate from committor	
-rate constants	

PGB, D. Chandler,  
C. Dellago, P.L. Geissler,  
Annu. Rev. Phys. Chem 2002 

C. Dellago, PGB, Adv Polym Sci, 2009



Shooting moves

accept

reject



Aimless shooting
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Spring shooting
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!
• Algorithm	

– Choose new shooting point 
randomly from old path psel= 1/L	

– Do not alter momenta	
– Integrate in one direction until one 

stable states is reached	
– keep old partial path, accept new 

partial with probability	
!
!
!

!
!
!

• higher acceptance, better convergence 
for diffusive transitions and long pathways	

• requires some stochastic dynamics, e.g. 
thermostat	

• needs check for decorrelation of paths	
• useful for diffusive (bio)systems

Flexible one way shooting

densities.30
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Path sampling indicators
Least changed path Path length distribution



Spring shooting for asymmetric barriers
• uniform one way shoot has bad decorrelation	

!
!
!
!
!
!
!

• spring shooting algorithm:
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bad decorrelation 

good decorrelation Z.F. Brotzakis, PGB, JCP, in press (2016)

pro: much better decorrelation	
con: need optimisation of k and Δτmax 



Protein association/dissociation
System 	
• beta-lac dimer (2AKQ)	
• ~65000 atoms	
• AMBER99SB	
• Τ=300K, P=1 atm	
• dissociation ΔG=30 kJ/mol

faststore.00
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10f
11b

TPS of extremely asymmetric barrier 	
• spring shooting algorithm 	
• spring const 5 kT, dmax =  200 	
• 50 ps between frames	
• max path length 50 ns	
• acceptance 30%

Z.F. Brotzakis, PGB, JCP, (2016)



Definition of stable states 

basin A

basin B
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catalysis

folding & binding

crystallisation

complex fluids

reactions

enzyme 
reactions

solvent effects

isomerization



Ground state pG

Signalling state pB

fs-ns

μs-ms

ms-sec

Photoactive yellow protein

Question: What is the 
mechanism for amplifying 
signal?	
!
We studied 2 steps:	

1) proton transfer	
2) partial unfolding

DNA

proteins

membrane

signal

signal 

transduction

response

chromophore

Tyr42

Thr50

Glu46

Cys69

Photoactive yellow protein



TPS of proton transfer
• 28244 atoms	
• CPMD/QMMM	
• BLYP functional	
• Electronic mass 750 au	
• QM region: pCA, Glu46,Tyr42,  

Thr50, Arg52	
• Gromos96 force field	

!
• TPS:  two way shooting,  

perturbation temp 35 K	
• 160 paths/ 50% acceptance	
• average path length 0.5-1.5 ps	
• reaction time microseconds

stable states pR (reaction) pB’ (product)

pCA-Glu46(H) > 1.60 A < 0.98 A

OX2-Tyr42        > 3.70 A < 1.80 A

OX1-Tyr42        > 5.30 A < 1.80 A



Transition path sampling of partial unfolding

state in which the helical conformation of helix α3 has partially
disappeared. Uα denotes a state in which this region is completely
unfolded, while Glu46 and pCA are still inside the protein. The
labels SE and SX correspond to states with a solvent exposed
Glu46 and pCA, respectively. Finally, pB indicates the signaling
state, with both pCA and Glu46 exposed to solvent. The REMD
simulations provided the stable state definitions (see Table S2).

Our first attempt to sample the transition from pB0 to pB di-
rectly with TPS was severely hampered by the presence of the
metastable intermediate states Iα, Uα, SE, and SX , which caused
very long trajectories (i.e., much longer than 10 ns). Therefore,
we split up the unfolding transition of pB0 to pB into four separate
transitions. These processes are: 1) the loss of α-helical structure
in helix α3 (pB0 − Iα); 2) solvent exposure of Glu46 (Uα − SE);
3) solvent exposure of pCA (Uα − SX ); and 4) solvent exposure
of pCA following Glu46 (SE − pB). We refrained from perform-
ing a TPS simulation of the (SX − pB) transition, as this route
turned out to be not productive.

We performed TPS simulations of these four transitions, using
the definitions for the initial and final states listed in Table S2 and
taking initial trajectories from either REMD simulations (19) or
high temperature MD trajectories. Table 1 lists the sampling sta-
tistics for the four TPS simulations. The average path length in-
dicates that the molecular timescale for the transitions is on the
order of ns. Note that the actual reaction times are much longer.

Unfolding of Helix α3. An initial TPS simulation of the pB0 − Uα
transition yielded very long pathways due to the presence of in-
termediate state Iα. Therefore, we performed a TPS simulation of
the pB0 − Iα transition. Figs. 2A and B show representative path-
ways, plotted onto the path density (see SI Text) from both the
pB0 − Uα and the pB0 − Iα TPS simulations. Once the protein
is in intermediate state Iα it relaxes within nanoseconds to the
Uα state in which the helix is completely unfolded, indicating that
the barrier separating Iα and Uα is lower than the barrier between
pB0 and Iα.

For PYP, we have identified, based on visual inspection of the
pathways and on chemical intuition, about 75 order parameters
that could be involved in the signaling state formation (see
Table S1). Only a fraction of these are used for the stable state
definitions (see Table S2). We computed these order parameters
for the entire shooting point ensemble of the pB0 − Iα TPS simu-
lation. Application of the LM analysis yielded the linear combi-
nation of up to three order parameters that best describe the RC
(see Table 2). When considering only single order parameters for
the pB0 − Iα transition the best model for the RC is rmsdα. Adding
more order parameters to the RC model is significant only if the
log-likelihood (lnL) increases by at least δLmin ¼ 1

2 lnðNÞ (28),
with N the number of shooting points. For this simulation N ¼
4149 and hence, δLmin ¼ 4.17. Including the number of water mo-
lecules around Tyr42, nwY improves lnL by a value of δL ¼ 19.
Using three order parameters, lnL improves significantly by δL ¼
13 when nwY is replaced by dhb2 and dPA, respectively the length
of the backbone hydrogen bond between Ala44 and Asp48 and

the distance between Pro54 and Ala44. Application of the
Bayesian path statistical analysis (26) confirms these findings
(see Figs. S1 and S2).

The description for the optimal RC obtained with the LM ana-
lysis agrees with visual inspection of the pB0 − Iα pathways. In pB0

Tyr42 is completely shielded from bulk water by Ala44 and Pro54.
During the unfolding of helix α3, water molecules form hydrogen
bonds to Tyr42, facilitated by Ala44 and Pro54 moving away from
each other. This hydration is transient, as dPA decreases again
when helix α3 is completely unfolded (see Fig. 2A). dPA is not
the only relevant order parameter, because the LM analysis also
identified the dhb2 as an important contribution to the RC. In-
terestingly, including the helical hydrogen bonds between Asn43
and Gly47 (dhb1), and between Ala45 and Ile49 (dhb3) also in-
creased the lnL significantly but not as much as the Ala44-Asp48
hydrogen bond. These three hydrogen bonds are located at
the solvent accessible side of helix α3. The remaining two helical
hydrogen bonds, located at the protein side of helix α3, do not
contribute at all to the RC.

The LM analysis predicts that structures with r ¼ 0 are transi-
tion states. From the pB0 − Iα path ensemble we extracted the
conformations with the 3-variable RC (see Table 2) within the
interval r ∈ ½−0.05; 0.05%. This TS ensemble is also plotted in
Fig. 2A and B, together with the predicted r ¼ 0 dividing surface.
Visual inspection suggested that this ensemble is quite uniform.
Fig. 2E displays a typical configuration from this predicted TS
ensemble. The relevant order parameters that contributed most
to the RC are highlighted. Helix α3 is clearly still in a helical con-
formation, indicating that the TS is very close to the folded state.
We explicitly computed the committors of the predicted r ¼ 0
structures (see SI Text), and confirmed that 30% of the predicted
structures are true transition states (with committor values be-
tween 0.3–0.7). The other conformations had committors close
to either zero or unity. We refrained from performing a full com-
mittor analysis due to excessive computational costs. The TS en-
semble for the pB0 − Iα transition is thus very sensitive to small
changes in the protein conformation, indicating it involves a re-
latively narrow barrier.

Solvent Exposure of Glu46 and pCA. Once the helix is unfolded and
the protein is in the Uα state, the solvent exposure of both Glu46
and pCA constitutes the next step in the formation of pB. Trajec-
tories from the REMD simulations (19) showed the solvent ex-
posure of either Glu46 or pCA only, subsequently followed by the
solvent exposure of the other residue. Using REMD trajectories
as initial pathways, we performed two TPS simulations, one for
the solvent exposure of Glu46 (Uα − SE) and one for the exposure
of pCA (Uα − SX ). Definitions of the initial and final states are
listed in Table S2. Both transitions proved difficult to sample, as
the processes of exposing pCA or Glu46 involve long and diffu-
sive paths. Figs. 2C and D show representative, uncorrelated
pathways for the Uα − SE and the Uα − SX transitions, plotted
onto the path density. Note that these room temperature path-
ways are fully decorrelated from the initial REMD trajectories.

The Uα − SE transition. LM analysis of the Uα − SE shooting point
ensemble reveals that the best RC for the exposure of Glu46 to
the solvent is dXE, the distance between Glu46 and pCA (see
Table 2). As pCA is an important hydrogen bond donor, this dis-
tance parameter indicates that disruption of the hydrogen bond
network around Glu46 inside the protein leads to Glu46’s solvent
exposure. Adding more order parameters does not significantly
improve lnL, although adding the backbone torsions of Ala45
and the distance between Glu9 and Lys110 almost reached the
threshold. The latter parameter is a salt bridge that is involved
in the formation of pB (36). For the best RC model r ¼ dXE,
the TS ensemble is plotted as squares in Fig. 2C and D. Fig. 2F
shows one of these transition states. This prediction agrees with

Table 1. Statistics of the TPS ensembles. The average path
length is a weighted average over the whole ensemble.
Decorrelated pathways have lost the memory of the
previous decorrelated pathway. The aggregate time is the
ensemble aggregate length

pB0 − Iα Uα − SE Uα − SX SE − pB

acceptance 41% 25% 38% 44%
avg. path length 105 ps 1.8 ns 1.5 ns 1.7 ns
accepted paths 3847 305 584 311
decorr. paths 180 18 7 29
aggregate time (μs) 1.0 2.3 2.3 1.2

Vreede et al. PNAS ∣ February 9, 2010 ∣ vol. 107 ∣ no. 6 ∣ 2399
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Transition states by committor
probability that a trajectory initiated at r relaxes into B

L. Onsager, Phys. Rev. 54, 554 (1938). M. M. Klosek, B. J. Matkowsky, Z. Schuss, Ber. Bunsenges. Phys. 
Chem. 95, 331 (1991) V. Pande, A. Y. Grosberg, T. Tanaka, E. I. Shaknovich, J. Chem. Phys. 108, 334 (1998) 
W.E, E. Vanden-Eijnden, J. Stat.Phys,123 503 (2006)

A

B
r

 r is a transition state (TS) if pB(r) = pA(r) =0.5

TSE: 	
Intersections of transition 	
pathways with the 	
pB=1/2 surface 

A

B



Reaction coordinate analysis
• Each TPS shot is a committor attempt.  

Use this information to optimise model of 
reaction coordinate r 	
!

• The probability that structure x with rc r is 
on a transition path (for diffusive dynamics)	
!
!

• Assume committor function to be	
!
!

• parametrize r as linear combination of q	
!
!

• best r is maximizing likelihood

p(TP |r) = 2pB(r)(1 − pB(r)) Peters & Trout, JCP 125 054108(2006)	
see also Best & Hummer PNAS (2005)

pB(x) =
1
2

+
1
2

tanh [r(q(x)]

r(x) =
∑

i

αiq(x) + α0
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Included order parameters



Reaction coordinate of helixα3 unfolding

n ln L RC

1 -2117 3.89–29.10 × rmsdα
2 -2098 3.88–26.35 × rmsdα − 0.19 × nwY42

3 -2085 5.11–16.81 × rmsdα − 4.68 × dhb2 − 2.55 × dPA

δLmin = 4.17

Reaction coordinate by likelihood 
maximization (Peters & Trout, JCP 2006)	
!
Order Parameters involved (out of 78): 	

RMSDα	
nwY42 : water molecules around Tyr42	
dPA  :  distance Ala44(N) - Pro54(Cγ)	
dhb2 : distance Ala44(O) - Asp48(H)	

 



Committor check: 	
30% of predicted TSE is a true transition 
state. 

Reaction coordinate pB’→ Iα
r =5.11 -16.28  rmsdα3 -4.68 dhb2- 2.55  dPA

Vreede, Juraszek, PGB, PNAS 2010



Solvent exposure transitions
rc =−2.03 + 2.70 dXE	

rc = −5.05 + 5.02 dXYcom − 2.51 dXEcom + 4.30 dXETS Uα-SX

TS Uα-SE

rate limiting step 16 kBT:  k ≈ 1 ms-1



Uα

SE

SX

pB

Iα
(a)

(b)

(c)

pB’

Juraszek , Vreede, PGB, Chem Phys 2011
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Rough free energy landscapes 

Uα

SE

SX

pB

Iα
(a)

(b)

(c)

pB’

WW domain folding PYP signal transduction

J. Vreede J, J. Juraszek and PGB PNAS 107 2397(2010)J. Juraszek and PGB, Biophys. J.98, 646 (2010).



molecular dynamics trajectory coarse grained trajectory

integrate equations of motion	
!
time step Δt ≈ fs

S1

S2

S4

S3

S5

k45

k13

k34

k41

k12

k24

master equation, 	
solve analytically or by KMC	
time step set by rates

Markov state model

dpi(t)

dt
=

X

j 6=i

kjipj(t)�
X

j 6=i

kijpi(t)



A

B

Transition interface sampling



Transition interface sampling

λi
λi+1

λi-1

A

B

TIS : for each interface i sample pathways that cross λi

= probability that path crossing λi for first time after leaving A reaches λ before APA(�|�i)

Introduce set of interfaces λi

Sample with shooting, replica exchange, reversal, first/last interface move T.S. van Erp, PRL 98, 268301 (2007)	
P.G. Bolhuis, JCP 129,114108 (2008)

T. S. van Erp, D. Moroni PG, JCP 118 , 7762 (2003)



Pros and cons
• Advantages TPS/TIS	

– correct rate (recrossings are counted)	
– no reaction coordinate needed	
– access to the entire path space by reweighting	
– mechanistic insight through committor analysis 	

!
• disadvantage of TPS/TIS	

– stable states need to be carefully defined: core sets	
– not easy to implement	
– computationally expensive	

!
• challenges and convergence issues of TPS/TIS	

– can get trapped in intermediate metastable states	
– multiple channels not easily sampled (addressed by RETIS) 



Challenges for path sampling
Multiple channels	

– multiple channels are not 
sampled properly with shooting	

– Replica exchange TIS	
!
!
!
!
!
!

Presence of intermediates	
– paths become very long because 

of intermediates	
– Multiple state TIS

A

Β

T.S. van Erp, PRL 98, 268301 (2007)	
PGB, JCP 129,114108 (2008)

J. Rogal, PGB, J. Chem. Phys.  (2008).



A

B

Path replica exchange

λi
λi+1

λi-1
blue = λi-1 replica

red = λi replica

Pacc(i� j) = min
�

1,
g�i[x(j)(L(j))]g�j [x(i)(L(i))]
g�i[x(i)(L(i))]g�j [x(j)(L(j))]

⇥

g�[x(L)] =

�
1 if path crosses �

0 otherwise

T.S. van Erp, PRL 98, 268301 (2007)	
P.G. Bolhuis, JCP 129,114108 (2008)



A

B

Include paths starting in B

λi
λi+1

λi-1

Samples AA, AB, BA and BB paths	
-shooting move	
-time reversal move	
-exchanges

Pacc(i� j) = min
�

1,
g�i[x(j)(L(j))]g�j [x(i)(L(i))]
g�i[x(i)(L(i))]g�j [x(j)(L(j))]

⇥

g�[x(L)] =

�
1 if path crosses �

0 otherwise



Replica Exchange  
Transition Interface Sampling

A B

A B A B

Shooting Move

A B

Exchange Move

Reversal MoveFirst Interface Move

T.S. van Erp, PRL 98, 268301 (2007)	
P.G. Bolhuis, JCP 129,114108 (2008)



Center of Mass Autocorrelation
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Necessity of exchange
• illustrated on two channels with different barrier height.

V= 3.10

V= 3.35



Challenges for path sampling
Multiple channels	

– multiple channels are not 
sampled properly with shooting	

– Replica exchange TIS	
!
!
!
!
!
!

Presence of intermediates	
– paths become very long because 

of intermediates	
– Multiple state TIS

A

Β

T.S. van Erp, PRL 98, 268301 (2007)	
PGB, JCP 129,114108 (2008)

J. Rogal, PGB, J. Chem. Phys.  (2008).



Multiple state transition interface sampling 

TIS: MSTIS:	
!
no. of pathways coming from A, cross λmA, end i	
_____________________________________________________________________________________________________________________________________________	

no. of pathways coming from A, cross λmA

rates can be used in  Markov state model

J. Rogal, PGB, J. Chem. Phys.  (2008).
J. Rogal, PGB, J. Chem. Phys.  (2010).

A

C

B

λmA

λ1A
λ0A

λ0B

λ0C

Φ0

= probability path crossing s for first time after leaving A reaches s+1 before APA(�(s+1)A|�(s+1)A)



Single replica MSTIS

swap shoot

swap &	
reverse

swapshoot

Problem: interfaces close to stable states will be favored	
Solution: bias with e.g. Wang Landau scheme



!
• a single replica walks along set of interfaces 	
• each interface of i for state J has a density of paths gi and histogram hi	
• each time a interface is sampled gi = gi*f and hi = hi+1	
• a swap between interfaces is accepted with:	

!
!
!

• when path switches from J→J to  J→K, allow switch to new set of interfaces for K 
• if histogram is “flat”  then	

– reset histogram hi = 0	
– reduce factor f = √f,  continue	

• weights gi reflect ratio of pathways on each interface = crossing probability

F. Wang and D.P.Landau, PRL 86, 2050 (2001)	
W. Du and PGB, JPC, 139, 044105, (2013)

advantage:	
only one replica needed

disadvantage:	
need to wait until histogram is flat	
only correct in limit of f→0	

Single replica Wang-Landau path sampling

Pwl
acc[�i $ �i+1] = min


1,

gi
gi+1

�



• β=8,  γ=2.5 , Δt =0.05 	
• number of interfaces 20	
• metric: distance to center of state	
• shooting, time reversals and swaps	
• reweighting gives FE and committor
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Langevin dynamics on 2D potential
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Improve on Wang-Landau 
• WL converges slowly	
• improve by imposing fixed bias	
• DOP turns out to converge to crossing probability PI(λ) 	

– because PI(λi)/PI(λj) is probability to reach λj from λi	
!
!
!
!
!
!
!
!
!
!
!
!
!

• perfect bias for flat histogram is crossing probability PI(λ) 



• use equilibrium population to assess convergence
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peq = lim

t!1
pT

(t) = pT
(0) lim

t!1
exp(Kt)

fixed bias Wang Landau

W. Du and PGB,  
JPC, 139, 044105, (2013)



• 20-residue fragment obtained from Gila monster saliva:  
α-helix, 310-helix, polyproline helix  
 
 
 

NAYAQ WLKDG GPSSG RPPPS  
 

• Folds on the microsecond timescale	
• 2-state folder, experimental rate 4 μs	
• T-jump vibrational spectroscopy (IR) shows bi-

exponential relaxation kinetics 
⇒ (un)folding involves an intermediate state	

• timescales for different temperature,  T=300 K 
τ1=150 ns, t2= 2.2 μs

Trp-cage folding

Neidigh & al., Nature 
Struct.Biol. 9, 425 (2002) 

 

Salt-bridge

Tyrosine Tryptophan Glycine Proline

3

H. Meuzelaar, K. A. Marino, A. Huerta-Viga, M. R. 
Panman, L.E. J. Smeenk, A.J. Kettelarij, J.H. van 
Maarseveen, P. Timmerman, PGB, and S. Woutersen 
JPCB 2013.
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�
A
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(α-helix)

1620 cm-1 
(Pro-helix)

τ = 800 ns

τ = 800 ns

τ = 125 ns



Kinetics from rate matrix

N

U

SN

fast

slow

p

t

Experimental t1=150 ns, t2= 2.2 μs 

fast time scale 200 ns	
slow time scale 2 μs 

pT
(t) = pT

(0) exp(Kt)

SN state
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TABLE IV. Full rate matrices. Rows denote leaving, columns arriving states. Top: conditional transition probability based on path type analysis, symmetrization
and WHAM. Middle: full rate matrix (in ns�1) by multiply the top matrix with the fluxes. Bottom: the mean first passage time matrix (in ns), obtained from the
reciprocal rates.

N PN SN Mg meta Pd LN LSN Lm Lo I W other state U
Conditional transition probability matrix at the first interface of each state.
N 9.83�10�1 2.18�10�3 1.35�10�4 2.71�10�4 9.59�10�3 3.10�10�3 1.41�10�3 6.04�10�5 5.82�10�6 1.23�10�7 5.26�10�5 1.36�10�5

PN 3.95�10�1 5.95�10�1 3.98�10�4 2.17�10�4 5.10�10�3 2.06�10�3 1.31�10�3 4.24�10�5 1.20�10�4 1.00�10�3 2.91�10�5

SN 6.02�10�4 9.76�10�6 9.98�10�1 2.29�10�6 1.47�10�4 4.17�10�4 1.46�10�5 4.50�10�4 1.30�10�5 5.63�10�5 1.32�10�8 5.37�10�4 1.15�10�4

Mg 1.50�10�1 6.60�10�4 2.85�10�4 7.05�10�1 1.16�10�1 2.76�10�2 1.20�10�5 7.93�10�7 4.99�10�4

meta 2.52�10�1 7.37�10�4 8.68�10�4 5.49�10�3 7.37�10�1 1.21�10�3 2.58�10�3 7.19�10�6 1.12�10�4 4.94�10�5 2.82�10�7 3.53�10�4 2.96�10�5

Pd 3.99�10�1 1.46�10�3 1.20�10�2 5.92�10�3 5.77�10�1 6.90�10�5 8.28�10�5 1.32�10�4 1.20�10�4 2.10�10�6 3.93�10�3 6.82�10�5

LN 5.58�10�2 2.85�10�4 1.29�10�4 1.98�10�3 3.90�10�3 2.13�10�5 9.36�10�1 3.50�10�4 1.19�10�3 3.54�10�5 4.03�10�6 3.05�10�4

LSN 1.48�10�2 4.01�10�5 9.43�10�5 1.30�10�3 9.81�10�1 1.68�10�3 4.53�10�5 1.81�10�7 6.44�10�4 4.94�10�4

Lm 8.14�10�2 3.15�10�4 2.91�10�5 5.77�10�3 4.07�10�2 8.72�10�1 3.65�10�6

Lo 1.72�10�3 6.04�10�4 6.77�10�3 9.45�10�1 3.06�10�4 1.32�10�6 3.89�10�2 6.58�10�3

I 1.23�10�2 1.40�10�3 2.68�10�2 3.98�10�3 1.97�10�3 1.89�10�3 6.54�10�4 1.10�10�3 9.31�10�1 3.65�10�6 1.22�10�2 6.30�10�3

W 7.91�10�3 1.91�10�4 9.23�10�5 6.93�10�4 1.05�10�3 6.55�10�3 7.96�10�5 1.74�10�4 1.44�10�4 1.11�10�4 8.27�10�1 8.30�10�6 1.56�10�1

other 6.88�10�3 7.23�10�4 1.58�10�2 1.18�10�4 1.76�10�3 3.99�10�3 5.75�10�4 8.64�10�3 7.52�10�4 1.68�10�8 9.59�10�1 2.21�10�3

U 1.94�10�3 2.29�10�5 3.70�10�3 1.61�10�4 7.58�10�5 1.10�10�3 4.82�10�4 1.60�10�3 4.25�10�4 3.46�10�4 2.41�10�3 9.88�10�1

Rate matrix (ns�1)
N — 3.75�10�3 2.33�10�4 4.67�10�4 1.65�10�2 5.35�10�3 2.43�10�3 1.04�10�4 1.00�10�5 2.12�10�7 9.08�10�5 2.35�10�5

PN 6.68�10�1 — 6.73�10�4 3.66�10�4 8.61�10�3 3.48�10�3 2.21�10�3 7.16�10�5 2.02�10�4 1.70�10�3 4.92�10�5

SN 1.18�10�3 1.91�10�5 — 4.48�10�6 2.88�10�4 8.16�10�4 2.85�10�5 8.81�10�4 2.55�10�5 1.10�10�4 2.58�10�8 1.05�10�3 2.26�10�4

Mg 4.47�10�1 1.97�10�3 8.50�10�4 — 3.45�10�1 8.25�10�2 3.57�10�5 2.37�10�6 1.49�10�3

meta 7.65�10�1 2.24�10�3 2.64�10�3 1.67�10�2 — 3.68�10�3 7.85�10�3 2.19�10�5 3.42�10�4 1.50�10�4 8.59�10�7 1.07�10�3 9.01�10�5

Pd 4.87�10�1 1.78�10�3 1.47�10�2 7.22�10�3 — 8.42�10�5 1.01�10�4 1.61�10�4 1.46�10�4 2.56�10�6 4.79�10�3 8.32�10�5

LN 1.01�10�1 5.16�10�4 2.35�10�4 3.59�10�3 7.06�10�3 3.85�10�5 — 6.35�10�4 2.16�10�3 6.42�10�5 7.31�10�6 5.52�10�4

LSN 3.23�10�2 8.77�10�5 2.06�10�4 2.83�10�3 — 3.68�10�3 9.89�10�5 3.96�10�7 1.41�10�3 1.08�10�3

Lm 6.05�10�2 2.34�10�4 2.17�10�5 4.29�10�3 3.02�10�2 — 2.71�10�6

Lo 2.27�10�3 7.98�10�4 8.95�10�3 — 4.04�10�4 1.74�10�6 5.14�10�2 8.69�10�3

I 1.27�10�2 1.44�10�3 2.76�10�2 4.10�10�3 2.04�10�3 1.95�10�3 6.74�10�4 1.13�10�3 — 3.77�10�6 1.25�10�2 6.50�10�3

W 1.00�10�2 2.42�10�4 1.17�10�4 8.77�10�4 1.33�10�3 8.30�10�3 1.01�10�4 2.21�10�4 1.83�10�4 1.41�10�4 — 1.05�10�5 1.97�10�1

other 9.16�10�3 9.63�10�4 2.10�10�2 1.57�10�4 2.34�10�3 5.31�10�3 7.65�10�4 1.15�10�2 1.00�10�3 2.24�10�8 — 2.94�10�3

U 8.42�10�5 9.92�10�7 1.60�10�4 6.98�10�6 3.28�10�6 4.75�10�5 2.09�10�5 6.91�10�5 1.84�10�5 1.50�10�5 1.04�10�4 —
Mean first passage time matrix (in ns)
N — 266.32 4285.19 2140.96 60.46 186.82 411.60 9604.39 99546.28 4716906.61 11013.36 42587.61
PN 1.50 — 1486.28 2732.88 116.09 287.30 453.22 13961.63 4939.45 589.39 20321.57
SN 848.37 52314.82 — 223069.16 3470.29 1226.18 35105.49 1135.70 39240.29 9065.06 38717269.30 951.82 4432.97
Mg 2.24 507.36 1176.55 — 2.89 12.12 28020.71 422276.02 671.39
meta 1.31 446.00 378.78 59.90 — 271.97 127.34 45693.52 2927.91 6659.63 1163470.96 931.88 11104.12
Pd 2.06 561.95 68.14 138.46 — 11879.92 9899.94 6216.24 6830.74 390867.46 208.89 12019.98
LN 9.89 1937.00 4262.58 278.93 141.66 25958.58 — 1574.98 462.31 15579.13 136868.45 1812.23
LSN 30.93 11402.98 4852.69 353.31 — 271.74 10115.13 2526634.83 711.12 926.84
Lm 16.53 4272.44 46187.18 233.21 33.10 — 368661.10
Lo 439.66 1253.37 111.78 — 2472.32 573408.12 19.45 115.01
I 78.74 694.61 36.22 243.77 491.11 512.61 1483.64 881.59 — 265501.66 79.70 153.94
W 99.87 4140.60 8562.15 1139.98 752.24 120.55 9920.18 4534.94 5473.20 7107.00 — 95233.76 5.07
other 109.18 1038.80 47.66 6373.92 427.51 188.23 1307.28 86.93 998.97 44590152.33 — 340.64
U 11880.87 1007937.81 6246.63 143356.55 304806.40 21031.35 47948.61 14465.10 54295.70 66740.76 9586.12 —
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TABLE IV. Full rate matrices. Rows denote leaving, columns arriving states. Top: conditional transition probability based on path type analysis, symmetrization
and WHAM. Middle: full rate matrix (in ns�1) by multiply the top matrix with the fluxes. Bottom: the mean first passage time matrix (in ns), obtained from the
reciprocal rates.

N PN SN Mg meta Pd LN LSN Lm Lo I W other state U
Conditional transition probability matrix at the first interface of each state.
N 9.83�10�1 2.18�10�3 1.35�10�4 2.71�10�4 9.59�10�3 3.10�10�3 1.41�10�3 6.04�10�5 5.82�10�6 1.23�10�7 5.26�10�5 1.36�10�5

PN 3.95�10�1 5.95�10�1 3.98�10�4 2.17�10�4 5.10�10�3 2.06�10�3 1.31�10�3 4.24�10�5 1.20�10�4 1.00�10�3 2.91�10�5

SN 6.02�10�4 9.76�10�6 9.98�10�1 2.29�10�6 1.47�10�4 4.17�10�4 1.46�10�5 4.50�10�4 1.30�10�5 5.63�10�5 1.32�10�8 5.37�10�4 1.15�10�4

Mg 1.50�10�1 6.60�10�4 2.85�10�4 7.05�10�1 1.16�10�1 2.76�10�2 1.20�10�5 7.93�10�7 4.99�10�4

meta 2.52�10�1 7.37�10�4 8.68�10�4 5.49�10�3 7.37�10�1 1.21�10�3 2.58�10�3 7.19�10�6 1.12�10�4 4.94�10�5 2.82�10�7 3.53�10�4 2.96�10�5

Pd 3.99�10�1 1.46�10�3 1.20�10�2 5.92�10�3 5.77�10�1 6.90�10�5 8.28�10�5 1.32�10�4 1.20�10�4 2.10�10�6 3.93�10�3 6.82�10�5

LN 5.58�10�2 2.85�10�4 1.29�10�4 1.98�10�3 3.90�10�3 2.13�10�5 9.36�10�1 3.50�10�4 1.19�10�3 3.54�10�5 4.03�10�6 3.05�10�4

LSN 1.48�10�2 4.01�10�5 9.43�10�5 1.30�10�3 9.81�10�1 1.68�10�3 4.53�10�5 1.81�10�7 6.44�10�4 4.94�10�4

Lm 8.14�10�2 3.15�10�4 2.91�10�5 5.77�10�3 4.07�10�2 8.72�10�1 3.65�10�6

Lo 1.72�10�3 6.04�10�4 6.77�10�3 9.45�10�1 3.06�10�4 1.32�10�6 3.89�10�2 6.58�10�3

I 1.23�10�2 1.40�10�3 2.68�10�2 3.98�10�3 1.97�10�3 1.89�10�3 6.54�10�4 1.10�10�3 9.31�10�1 3.65�10�6 1.22�10�2 6.30�10�3

W 7.91�10�3 1.91�10�4 9.23�10�5 6.93�10�4 1.05�10�3 6.55�10�3 7.96�10�5 1.74�10�4 1.44�10�4 1.11�10�4 8.27�10�1 8.30�10�6 1.56�10�1

other 6.88�10�3 7.23�10�4 1.58�10�2 1.18�10�4 1.76�10�3 3.99�10�3 5.75�10�4 8.64�10�3 7.52�10�4 1.68�10�8 9.59�10�1 2.21�10�3

U 1.94�10�3 2.29�10�5 3.70�10�3 1.61�10�4 7.58�10�5 1.10�10�3 4.82�10�4 1.60�10�3 4.25�10�4 3.46�10�4 2.41�10�3 9.88�10�1

Rate matrix (ns�1)
N — 3.75�10�3 2.33�10�4 4.67�10�4 1.65�10�2 5.35�10�3 2.43�10�3 1.04�10�4 1.00�10�5 2.12�10�7 9.08�10�5 2.35�10�5

PN 6.68�10�1 — 6.73�10�4 3.66�10�4 8.61�10�3 3.48�10�3 2.21�10�3 7.16�10�5 2.02�10�4 1.70�10�3 4.92�10�5

SN 1.18�10�3 1.91�10�5 — 4.48�10�6 2.88�10�4 8.16�10�4 2.85�10�5 8.81�10�4 2.55�10�5 1.10�10�4 2.58�10�8 1.05�10�3 2.26�10�4

Mg 4.47�10�1 1.97�10�3 8.50�10�4 — 3.45�10�1 8.25�10�2 3.57�10�5 2.37�10�6 1.49�10�3

meta 7.65�10�1 2.24�10�3 2.64�10�3 1.67�10�2 — 3.68�10�3 7.85�10�3 2.19�10�5 3.42�10�4 1.50�10�4 8.59�10�7 1.07�10�3 9.01�10�5

Pd 4.87�10�1 1.78�10�3 1.47�10�2 7.22�10�3 — 8.42�10�5 1.01�10�4 1.61�10�4 1.46�10�4 2.56�10�6 4.79�10�3 8.32�10�5

LN 1.01�10�1 5.16�10�4 2.35�10�4 3.59�10�3 7.06�10�3 3.85�10�5 — 6.35�10�4 2.16�10�3 6.42�10�5 7.31�10�6 5.52�10�4

LSN 3.23�10�2 8.77�10�5 2.06�10�4 2.83�10�3 — 3.68�10�3 9.89�10�5 3.96�10�7 1.41�10�3 1.08�10�3

Lm 6.05�10�2 2.34�10�4 2.17�10�5 4.29�10�3 3.02�10�2 — 2.71�10�6

Lo 2.27�10�3 7.98�10�4 8.95�10�3 — 4.04�10�4 1.74�10�6 5.14�10�2 8.69�10�3

I 1.27�10�2 1.44�10�3 2.76�10�2 4.10�10�3 2.04�10�3 1.95�10�3 6.74�10�4 1.13�10�3 — 3.77�10�6 1.25�10�2 6.50�10�3

W 1.00�10�2 2.42�10�4 1.17�10�4 8.77�10�4 1.33�10�3 8.30�10�3 1.01�10�4 2.21�10�4 1.83�10�4 1.41�10�4 — 1.05�10�5 1.97�10�1

other 9.16�10�3 9.63�10�4 2.10�10�2 1.57�10�4 2.34�10�3 5.31�10�3 7.65�10�4 1.15�10�2 1.00�10�3 2.24�10�8 — 2.94�10�3

U 8.42�10�5 9.92�10�7 1.60�10�4 6.98�10�6 3.28�10�6 4.75�10�5 2.09�10�5 6.91�10�5 1.84�10�5 1.50�10�5 1.04�10�4 —
Mean first passage time matrix (in ns)
N — 266.32 4285.19 2140.96 60.46 186.82 411.60 9604.39 99546.28 4716906.61 11013.36 42587.61
PN 1.50 — 1486.28 2732.88 116.09 287.30 453.22 13961.63 4939.45 589.39 20321.57
SN 848.37 52314.82 — 223069.16 3470.29 1226.18 35105.49 1135.70 39240.29 9065.06 38717269.30 951.82 4432.97
Mg 2.24 507.36 1176.55 — 2.89 12.12 28020.71 422276.02 671.39
meta 1.31 446.00 378.78 59.90 — 271.97 127.34 45693.52 2927.91 6659.63 1163470.96 931.88 11104.12
Pd 2.06 561.95 68.14 138.46 — 11879.92 9899.94 6216.24 6830.74 390867.46 208.89 12019.98
LN 9.89 1937.00 4262.58 278.93 141.66 25958.58 — 1574.98 462.31 15579.13 136868.45 1812.23
LSN 30.93 11402.98 4852.69 353.31 — 271.74 10115.13 2526634.83 711.12 926.84
Lm 16.53 4272.44 46187.18 233.21 33.10 — 368661.10
Lo 439.66 1253.37 111.78 — 2472.32 573408.12 19.45 115.01
I 78.74 694.61 36.22 243.77 491.11 512.61 1483.64 881.59 — 265501.66 79.70 153.94
W 99.87 4140.60 8562.15 1139.98 752.24 120.55 9920.18 4534.94 5473.20 7107.00 — 95233.76 5.07
other 109.18 1038.80 47.66 6373.92 427.51 188.23 1307.28 86.93 998.97 44590152.33 — 340.64
U 11880.87 1007937.81 6246.63 143356.55 304806.40 21031.35 47948.61 14465.10 54295.70 66740.76 9586.12 —



Transition path theory analysis
Analysis of large kinetic matrix for more insight	
!
compute forward committor qi for each state i	
!
!
!
!
Compute flux from i to j	
!
compute effective flux	
!
!
overall rate constant  

T = exp(K⌧)

kNU is 1.01 × 10−4ns−1 ≈ (9.9μs)−1,	

kUN=  4.17×10−4ns−1 ≈ (2.4μs)−1

kNUexp = (12μs)−1 	

kUNexp = ≈ (4.1μs)−1

E, Vanden-Eijnden, J. Stat. Phys 2006	
Noe et al., PNAS 2009



TPT flux analysis
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158 μs MD,  around 70000 trajectories, represents around 15 ms of time  

Du & PGB, JCP 140, 195102 (2014)). 

rate matrix and flux are non sparse, many pathways possible



The Reweighted Path Ensemble

P[xL] = cA

n�1�

j=1

PA�j [x
L]WA[xL] + cB

n�1�

j=1

PB�j [x
L]WB [xL]

WA[xL] =
n�1�

i=1

w̄A
i �(⇥max[xL]� ⇥i)�(⇥i+1 � ⇥max[xL])

Rogal et al , J. Chem. Phys. 133, 174109 (2010)	
Lechner et al .J. Chem. Phys. 133 174110 (2010).
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Projection of Reweighted Path Ensemble
RPE can be used to project the conditional path dependent population density	
!
!
!
and thus the free energy landscape	
!
!
!
!

F (q) = �kBT ln (�(q)) + const,

�(q) = �AA(q) + �AB(q) + �BA(q) + �BB(q)

⇥ij(q) = hhi(x0)hj(xL)�(q(xk)� q)iRPE

= h�(q(xk)� q)iRPE

W Lechner, PGB,  
J. Stat. Phys. 145 841 (2011).

hq(x
L
) =

⇢
1 if path visits q

0 otherwise

nij(q) = hhi(x0)hj(xL)hq(x
L)iRPE

and the path density

pA(q) =
�AA(q) + �BA(q)

�(q)

pB(q) =
�AB(q) + �BB(q)

�(q)
.

and the (averaged) committor	



RPE Free energy for Trp-cage
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

• The I state looks like a state, but it is not stable 	
• Free energy projection can be misleading

RMSDC�(nm) 

R
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�h

x(
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)  

I state

Du & PGB, JCP 140, 195102 (2014)). 



Summary
• Transition path sampling gives unbiased paths of protein conformational changes	

– millisecond light-induced unfolding mechanism in PYP	
– association/dissociation of protein dimers	
– reaction coordinate requires advanced data analysis of simulations	
!
!

• Single replica MSTIS samples equilibrium network of  Trp Cage 	
– asynchronous sampling scheme (in contrast to parallel replica exchange)	
– corroborates experimental evidence for near native intermediate	
– structure and correct time scales predicted by single replica MSTIS 

Uα

SE

SX

pB

Iα
(a)

(b)

(c)

pB’

• Path sampling gives quantitative insight in rough free energy landscapes, 
kinetics and mechanism simultaneously


