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Different Ensembles 
Ensemble Name Constant 

(Imposed) 
Fluctuating 
(Measured) 

NVT Canonical N,V,T P 

NPT Isobaric-isothermal N,P,T V 

µVT Grand-canonical µ,V,T N 
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Statistical Thermodynamics 

( )NVTQF ln−=β

A
NVT

=
1

QNVT

1
Λ3NN!

drN∫ A rN( )exp −βU rN( )$
%

&
'.

QNVT =
1

Λ3NN!
drN∫ exp −βU rN( )$

%
&
'.

Partition function 

Ensemble average 

Free energy 

( ) ( ) ( ) ( )3

1 1
N r dr' r' r exp r' exp r

!
N N N N N N

N
NVT

U U
Q N

δ β β# $ # $= − − ∝ −' ( ' (Λ ∫

Probability to find a particular configuration 

I will come back to this 
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Detailed balance 

acc( ) ( ) ( ) ( )
acc( ) ( ) ( ) ( )

o n N n n o N n
n o N o o n N o

α
α

→ × →
= =

→ × →

( ) ( )K o n K n o→ = →

( ) ( ) ( ) acc( )K o n N o o n o nα→ = × → × →

o n 

( ) ( ) ( ) acc( )K n o N n n o n oα→ = × → × →
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NVT-ensemble 

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

( )( ) expN n U nβ⎡ ⎤∝ −⎣ ⎦

( ) ( )acc( ) exp
acc( )

o n U n U o
n o

β
→ ⎡ ⎤⎡ ⎤= − −⎣ ⎦⎣ ⎦→
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NPT ensemble 

 We control the  
•  Temperature (T) 
•  Pressure (P) 
•  Number of particles 

(N) 
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Scaled coordinates 

/i i L=s r

QNVT =
1

Λ3NN!
drN∫ exp −βU rN( )$

%
&
'.

Partition function 

Scaled coordinates 

This gives for the partition function 

( )

( )

3

3

3

ds exp s ;
!

ds exp s ;
!

N
N N

NVT N

N
N N

N

LQ U L
N

V U L
N

β

β

" #= −% &Λ

" #= −% &Λ

∫

∫

The energy depends on 
the real coordinates 
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N in volume V 

M in volume V0-V 
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( )3 ds exp s ;
!

N
N N

NVT N
VQ U L
N

β" #= −% &Λ ∫

QMV0 ,NV ,T =
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
dsM−N∫ exp −βU0 s

M−N ;L( )$
%

&
'
V N

Λ3N N !

× dsN∫ exp −βU sN ;L( )$
%

&
'

QMV0 ,NV ,T =
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
V N

Λ3N N !
dsN∫ exp −βU sN ;L( )$

%
&
'
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QMV0 ,NV ,T =
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
V N

Λ3N N !
dsN∫ exp −βU sN ;L( )$

%
&
'

To get the Partition Function of this system,  we have to  
integrate over all possible volumes: 

QMV0 ,N ,T = dV
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
V N

Λ3N N !
dsN∫ exp −βU sN ;L( )$

%
&
'∫

Now let us take the following limits: 

0

constant
M M
V V

ρ
→∞$

= →%
→∞ &

As the particles in the reservoir  are an ideal gas, we have: 

Pρ β=
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We have 

QMV0 ,N ,T = dV
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
V N

Λ3N N !
dsN∫ exp −βU sN ;L( )$

%
&
'∫

( ) ( ) ( )0 0 0 0 01 expM N M NM N M NV V V V V V M N V V− −− − " #− = − ≈ − −% &

( ) [ ] [ ]0 0 0exp expM N M N M NV V V V V PVρ β
− − −− ≈ − = −

This gives: 

[ ] ( )3 d exp ds exp s ;
!

N N N
NPT N

PQ V PV V U L
N
β

β β" #= − −% &Λ ∫ ∫
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NPT Ensemble 
Partition function: 

[ ] ( )3 d exp ds exp s ;
!

N N N
NPT N

PQ V PV V U L
N
β

β β⎡ ⎤= − −⎣ ⎦Λ ∫ ∫

Probability to find a particular configuration: 

( ) [ ] ( ), exp exp s ;N N N
NPTN V V PV U Lβ β" #∝ − −& 's

Sample a particular configuration: 
•  change of volume  
•  change of reduced coordinates 

Acceptance rules ?? 
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Detailed balance 

acc( ) ( ) ( ) ( )
acc( ) ( ) ( ) ( )

o n N n n o N n
n o N o o n N o

α
α

→ × →
= =

→ × →

( ) ( )K o n K n o→ = →

( ) ( ) ( ) acc( )K o n N o o n o nα→ = × → × →

o n 

( ) ( ) ( ) acc( )K n o N n n o n oα→ = × → × →
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NPT-ensemble 

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

( ) [ ] ( ), exp exp s ;N N N
NPTN V V PV U Lβ β" #∝ − −& 's

Suppose we change the position of a randomly selected particle 

[ ] ( )
[ ] ( )

N
n

N
o

exp exp s ;acc( )
acc( ) exp exp s ;

N

N

V PV U Lo n
n o V PV U L

β β

β β

" #− −→ & '=
→ " #− −& '

( )
( )

( ) ( ){ }
N
n

N
o

exp s ;
exp

exp s ;

U L
U n U o

U L

β
β

β

" #−% & " #= = − −% &" #−% &
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NPT-ensemble 

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

( ) [ ] ( ), exp exp s ;N N N
NPTN V V PV U Lβ β" #∝ − −& 's

Suppose we change the volume of the system 

[ ] ( )
[ ] ( )

N

N

exp exp s ;acc( )
acc( ) exp exp s ;

N
n n n

N
o o o

V PV U Lo n
n o V PV U L

β β

β β

" #− −→ & '=
→ " #− −& '

( ) ( ) ( ){ }exp exp 0
N

n
n o

o

V
P V V U n U

V
β β

" #
$ % $ %= − − − −' ( ) * ) *

+ ,
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Algorithm: NPT 

•  Randomly change the position of a 
particle 

•  Randomly change the volume 
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Measured and Imposed 
Pressure 

•  Imposed pressure P 
•  Measured pressure <P> from 

virial 

 P = −
∂F
∂V
#

$
%

&

'
(
N ,T

=
− dVV Ne−βPV∫ dsNe−βU (s

N )∫( ) ∂F∂V
#

$
%

&

'
(
N ,T

dVV Ne−βPV∫ dsNe−βU (s
N )∫

p(V ) =
exp −β F(V )+PV( )*+ ,-

QNPT

QNPT = βP dV exp −β F(V )+PV( )*+ ,-∫
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P = −
βP

Q(NPT )
dV ∂F

∂V
#

$
%

&

'
(
N ,T

exp −β F V( )+PV( ))* +,∫

P =
βP

Q(NPT )
dV
exp −βPV[ ]

β

∂exp −βF V( ))* +,
∂V∫
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Measured and Imposed 
Pressure 

•  Partial integration 

•  For V=0 and V=∞ 

•  Therefore, 

[ ] ( )[ ]

( )( )[ ] PPVVFdVP
NPTQ
PP

V
VFPVdV

NPTQ
PP

=+−==

∂

−∂−
=

∫

∫

β
β

β
β
ββ

exp
)(

expexp
)(

f dg
a

b

∫ = fg[ ]a
b
− gdf

a

b

∫

( )( )[ ] 0exp =+− PVVFβ
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Grand-canonical ensemble 

What are the equilibrium conditions? 
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Grand-canonical ensemble 

We impose: 
– Temperature (T) 
– Chemical potential 

(µ) 
– Volume (V) 

– But NOT pressure 
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System in reservoir 

Here they don’t 

Here particles interact 

What is the statistical thermodynamics of this ensemble? 
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( )3 ds exp s ;
!

N
N N

NVT N
VQ U L
N

β" #= −% &Λ ∫

QMV0 ,NV ,T =
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
dsM−V∫ exp −βU0 s

M−N ;L( )$
%

&
'
V N

Λ3N N !

× dsN∫ exp −βU sN ;L( )$
%

&
'

QMV0 ,NV ,T =
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
V N

Λ3N N !
dsN∫ exp −βU sN ;L( )$

%
&
'
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QMV0 ,NV ,T =
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
V N

Λ3N N !
dsN∫ exp −βU sN ;L( )$

%
&
'

To get the Partition Function of this system, we have to  
sum over all possible number of particles 

QMV0 ,N ,T =
V0 −V( )

M−N

Λ3(M−N ) M − N( )!
V N

Λ3N N !
dsN∫ exp −βU sN ;L( )$

%
&
'

N=0

N=M

∑

Now let us take the following limits: 

0

constant
M M
V V

ρ
→∞$

= →%
→∞ &

As the particles are an ideal gas in the big reservoir we have: 
( )3lnBk Tµ ρ= Λ

( ) ( )3
0

exp
ds exp s ;

!

NN
N N

VT N
N

N V
Q U L

Nµ

βµ
β

=∞

=

# $= −& 'Λ∑ ∫
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Expand FR 

( ) ( )3
0

exp
ds exp s ;

!

NN
N N

VT N
N

N V
Q U L

Nµ

βµ
β

=∞

=

# $= −& 'Λ∑ ∫

Q
tot

= Q
R

(M �N)Q
sys

(N) = e��FR(M�N)Q
sys

(N)

FR(M �N) = FR(M)�
✓
@FR

@M

◆
N + · · ·

But: 

✓
@FR

@M

◆
= µ

Q
tot

= Q
R

(M �N)Q
sys

(N) = e��FR(M)e�µNQ
sys

(N)

And hence: 

Sum over all N: 



29 

µVT Ensemble 
Partition function: 

Probability to find a particular configuration: 

( ) ( ) ( )3

exp
, exp s ;

!

N
N N

VT N

N V
N V U L

Nµ

βµ
β" #∝ −& 'Λ

s

Sample a particular configuration: 
•  Change of the number of particles 
•  Change of reduced coordinates 

Acceptance rules ?? 

( ) ( )3
0

exp
ds exp s ;

!

NN
N N

VT N
N

N V
Q U L

Nµ

βµ
β

=∞

=

# $= −& 'Λ∑ ∫
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Detailed balance 

acc( ) ( ) ( ) ( )
acc( ) ( ) ( ) ( )

o n N n n o N n
n o N o o n N o

α
α

→ × →
= =

→ × →

( ) ( )K o n K n o→ = →

( ) ( ) ( ) acc( )K o n N o o n o nα→ = × → × →

o n 

( ) ( ) ( ) acc( )K n o N n n o n oα→ = × → × →
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µVT-ensemble 

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

Suppose we change the position of a randomly selected particle 

( ) ( )
( ) ( )

N
n3

N
o3

exp
exp s ;acc( ) !

expacc( )
exp s ;

!

N

N

N

N

N V
U Lo n N

N Vn o
U L

N

βµ
β

βµ
β

" #−% &→ Λ=
→ " #−% &Λ

( ) ( ){ }exp 0U n Uβ " #= − −% &

( ) ( ) ( )3

exp
, exp s ;

!

N
N N

VT N

N V
N V U L

Nµ

βµ
β" #∝ −& 'Λ

s
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µVT-ensemble 

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

Suppose we change the number of particles of the system 

acc(o→ n)
acc(n→ o)

=

exp βµ N +1( )( )V N+1

Λ3N+3 N +1( )!
exp −βU sN+1;L( )$

%
&
'

exp βµN( )V N

Λ3N N !
exp −βU sN;L( )$

%
&
'

( ) ( ) ( )3

exp
, exp s ;

!

N
N N

VT N

N V
N V U L

Nµ

βµ
β" #∝ −& 'Λ

s

( )
( )

[ ]3

exp
exp

1
V

U
N
βµ

β= − Δ
Λ +
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Application: equation of state of 
Lennard-Jones 
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Application: adsorption in zeolites 
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Summary 
Ensemble Constant 

(Imposed) 
Fluctuating 
(Measured) 

Function 

NVT N,V,T P βF=-lnQ(N,V,T) 

NPT N,P,T V βG=-lnQ(N,P,T) 

µVT µ,V,T N βΩ=-lnQ(µ,V,T)=-βPV 



Studying phase coexistence: 
 

The Gibbs “Ensemble” 



NVT Ensemble 

Fluid Fluid 



NVT Ensemble 

G 

L L 

G 



Gibbs Ensemble 

G 
L 

Equilibrium! 





• Distribute n1 particles over two volumes 
• Change the volume V1 
• Displace the particles 

1 1
3

1 1 1

1 1 1 1

1
1 1 10 ( ) 0

1 1

G

2 2

( )

exp[ ( )] exp[ ( )]

( ) N

VN n N n
n V n N n

n n N n N n

dV V V V

d U d

Q N

U

V T

β β

−

= Λ ! − !

− −

, , ≡ −

− −

∑ ∫
∫ ∫s s s s



Distribute n1 particles over two volumes: 

( )1 1 1

!
! !

N N
n n N n
! "

=# $ −& '

3
1 1

1 1

1 1 1 1

1
1 1 10

1 1 2 2

1
G 0 ( )

( )

exp

(

[ ( )] exp[ ( )]

) N

V n N n

n n N n N n

N

n V n N n
dV V V V

d U d U

Q N V T

β β

= Λ ! − !

−

− −

, , ≡ −

− −

∫
∫ ∫

∑

s s s s



Integrate volume V1 

3
1 1

1 1 1

1 1

1

1

1
G 0 ( ) 1 1 1

1 2 2

0

1exp[ ( )] exp[ ( )]

(( ) )N

V n N

n n N n N

nN

n V n n

n

N

d U d U

dV V VQ N V T V

β β

= Λ ! − !

−

− −

, , ≡

− −

−∫
∫ ∫

∑

s s s s



Displace the particles in box 1 and box2 

1 1
3

1 1

1 1 1 1

1

1 1

1
G 1 1 10 (

2 2

) 0

exp[ ( )] exp[

)

(

(

)]

( )N

VN n N n
n V n

n

n

n N n N n

N

d U d

Q N V T d

U

V V V V

β β

−

= Λ ! − !

− −−

, , ≡

−

−∑ ∫
∫ ∫s s s s



1 1
3

1 1 1

1 1 1 1

1
G 1 1 10 ( ) 0

1 1 2 2

( ) ( )

exp[ ( )] exp[ ( )]

N

VN n N n
n V n N n

n n N n N n

Q N V T dV V V V

d U d Uβ β

−

= Λ ! − !

− −

, , ≡ −

− −

∑ ∫
∫ ∫s s s s

Probability distribution 

{ }
1 1

1 1 1 11 1
1 1 1 2 1 2

1 1

( )
( ) exp [ ( ) ( )]

( )

n N n
n N n n N nV V VN n V U U

n N n
β

−
− −−

, , , ∝ − + .
! − !

s s s s



Particle displacement 

Volume change 

Particle exchange 



Acceptance rules 

{ }
1 1

1 1 1 11 1
1 1 1 2 1 2

1 1

( )
( ) exp [ ( ) ( )]

( )

n N n
n N n n N nV V VN n V U U

n N n
β

−
− −−

, , , ∝ − + .
! − !

s s s s

Detailed Balance: 

( ) ( )K o n K n o→ = →

( ) ( ) acc( ) ( ) ( ) acc( )N o o n o n N n n o n oα α× → × → = × → × →

acc( ) ( ) ( )
acc( ) ( ) ( )

o n N n n o
n o N o o n

α
α

→ × →
=

→ × →

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→
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1 1

1 1 1 11 1
1 1 1 2 1 2

1 1

( )
( ) exp [ ( ) ( )]

( )

n N n
n N n n N nV V VN n V U U

n N n
β

−
− −−

, , , ∝ − + .
! − !

s s s s

{ }

{ }

1

1
1

1 1

1

1 1
1

1 1

1 1
1

2

1
2

1

( )
( ) exp [ ( ) ( )]

( )

( )
( ) exp [ ( ) ( )]

( )

n N n

n N

N n

N n
n

V V V
N U n U

n N n

V V V
N o

n N

n

n
o U U

β

β

−
−

−
−

−
∝ − +

! − !

−
∝ − +

! − !

s

s

Displacement of a particle in box 
1 

{ }

{ }

1 1
1

1 1
1

1 1
1 2

1 1

1 1
1 2

1 1

( ) exp [ ( ) ( )]
( )acc( )
( )acc( ) exp [ ( ) ( )]
( )

n N n
N n

n N n
N n

V V V U n U
n N no n

V V Vn o U o U
n N n

β

β

−
−

−
−

−
− +

! − !→
=

−→
− +

! − !

s

s
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1 1

1 1 1 11 1
1 1 1 2 1 2

1 1

( )
( ) exp [ ( ) ( )]

( )

n N n
n N n n N nV V VN n V U U

n N n
β

−
− −−

, , , ∝ − + .
! − !

s s s s

{ }

{ }

1

1
1

1 1

1

1 1
1

1 1

1 1
1

2

1
2

1

( )
( ) exp [ ( ) ( )]

( )

( )
( ) exp [ ( ) ( )]

( )

n N n

n N

N n

N n
n

V V V
N U n U

n N n

V V V
N o

n N

n

n
o U U

β

β

−
−

−
−

−
∝ − +

! − !

−
∝ − +

! − !

s

s

Displacement of a particle in box 
1 

{ }
{ }

1

1

exp [ ( )]acc( )
acc( ) exp [ ( )]

U no n
n o U o

β

β

−→
=

→ −



Acceptance rules 

{ }
1 1

1 1 1 11 1
1 1 1 2 1 2

1 1

( )
( ) exp [ ( ) ( )]

( )

n N n
n N n n N nV V VN n V U U

n N n
β

−
− −−

, , , ∝ − + .
! − !

s s s s

Adding a particle to box 2 
( )

( )( ) { }

{ }
1

11

1

1 1
11

1 1
1 2

1 1
1 2

1 1

( )
( ) exp [ ( ) ( )]

( )

(

acc(

)
( ) exp [ ( ) (

1

)

)]
( )

1

( )
acc( ) ( )
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n N
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n

V V V
N U U

N

V V V
N o U o U o
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N o
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β

−

−

−− −
∝ − +

! − !

−
∝ − +

−

!

=
→

−

−

!

→



Moving a particle from box 1 to box 2 

( )

( )( ) { }

{ }
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( )( ) { }
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n

V V V
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V V V U n U n
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V V V
N o U o U o

n N n
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V V Vn o U
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β

β

β
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−
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−

−
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− ! − − !→
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! −

−
∝ − +
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−
∝
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V V V U n U n
n N n

n U n
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V V V
N o U o U o

n N n
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V V Vn o U
n N n

β

β

β

β

− −−

−

− −−

−

−
− +

− ! − − !→
=

−→
−

! −

−
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−
∝
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{ }1 2( ) ( )]o U o+

Moving a particle from box 1 to box 2 
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Particle displacements 
(to sample 
configuration space) 

Volume exchanges 
(to impose equality  
of pressures) 

Particle exchanges 
(to impose equality  
of chemical potetials) 



N! and the Gibbs Paradox 
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QNVT =
1

Λ3NN!
drN∫ exp −βU rN( )$
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QUESTION: 
 Can we use this expression for systems 
of distinguishable particles – e.g. colloidal 
suspensions? 



What do the textbooks say? 



LANDAU & LIFSHITZ 
footnote 



Van Kampen 



“Usually, Gibbs’ prose style conveys his meaning in 
a sufficiently clear way…” 

“… using no more than twice as many words as 
Poincaré or Einstein would have used to say the 
same thing” 

“But occasionally he delivers a sentence with 
a ponderous unintelligibility that seems to 
challenge us to make sense out of it…” 

ENTER JAYNES: 



“Again, when such gases have been mixed, 
there is no more impossibility of the 
separation of the two kinds of molecules in 
virtue of their ordinary motion in the gaseous 
mass without any especial external 
influence, than there is of the separation of a 
homogeneous gas into the same two parts 
into which it has once been divided, after 
these have these have once been mixed” 

GIBBS’s SENTENCE: 



Elsewhere, Gibbs says:  
 
As long as the number of particles is 
kept fixed, inclusion of the factor N! is 
optional.  
 
However, when comparing systems 
with different number of particles, 
you MUST include N! to obtain an 
extensive entropy.  



N1,V1,T N2,V2,T 

Two systems of `identical’ dilute colloidal 
solutions in equilibrium (low-fat milk). 



Zdist(N) = V N

Z
combined

(N1, V1, N2, V2) = V N1
1 V N2

2 ⇥ (N1 + N2)!
N1!N2!

Treat as gas of N labeled but otherwise identical particles 

Now:  two such systems with N1 and N2 particles. In 
equilibrium, we can distribute the particles over the two 
systems in any way we choose (with fixed N1 and N2). 

NOTE:  
1.  all particles are different (they just have identical properties 

– e.g. monodisperse colloidal spheres) 
2.  Zcombined is not extensive. Not even in quantum mechanics.  

ln Z is not 
extensive 



✓
@ lnZc

@N1

◆

N

=
@ lnZ1/N1!

@N1
� @ lnZ2/N2!

@N2
= 0

When the two systems are in equilibrium, the partition function 
is maximal with respect to variations in N1 (dN1=-dN2). 

Therefore, as soon as we are computing the chemical 
potential, we MUST include the factor N!, also for labeled 
particles. 



Zc(N1, V1, N2, V2)
(N1 + N2)!

=
Z1

N1!
Z2

N2!

ln
✓

Zc(N1, V1, N2, V2)
(N1 + N2)!

◆
= ln

✓
Z1

N1!

◆
+ ln

✓
Z2

N2!

◆

Conveniently, the partition function of the 
combined system then factorizes 

and hence the free energy is extensive. 



“Quantum” indistinguishability of identical particles 
is true, but usually irrelevant (as any colloid 
scientist knows).   
 
Reference: 
Why colloidal systems can be described by 
statistical mechanics: some not very original 
comments on the Gibbs paradox 
D. Frenkel, Mol. Phys. 112, 2325–2329 (2014) 
 


