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Statistical Thermodynamics
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Monte Carlo simulation




Ensemble average
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Generate configuration using MC:
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Monte Carlo simulation




Algorithm 1 (Basic Metropolis Algorithm)

PROGRAM mc

do icycl=l,ncycl

call mcmove

if (mod(icycl,nsamp) .eq.0)
+ call sample
enddo

end

basic Metropolis algorithm

perform ncycl MC cycles
displace a particle

sample averages

Comments to this algorithm:

1. Subroutine mcmove attempts to displace a randomly selected particle

(see Algorithm 2).

2. Subroutine sample samples quantities every nsampth cycle.




Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE mcmove attempts to displace a particle

o=int (ranf () *npart) +1 select a particle at random

)
)

call ener (x(o),eno energy old configuration
xn=x (o) + (ranf () -0.5) *delx give particle random displacement
call ener (xn, enn) energy new configuration
if (ranf().lt.exp (-beta acceptance rule (3.2.1)

- * (enn—eno) ) x({(o)=xn accepted: replace x (o) by xn
return
end

Comments to this algorithm:

1. Subroutine ener calculates the energy of a particle at the given position.

2. Note that, if a configuration is rejected, the old configuration is retained.
3. The ranft () is a random number uniform in [0, 1].



Questions

How can we prove that this scheme
generates the desired distribution of
configurations?

Why make a random selection of the
particle to be displaced?

Why do we need to take the old
configuration again?

How large should we take: delx?



Detailed balance

Tel Cas

K(o— n)=K(n— o)
K(o—>n)=N(o)Xo(o— n)Xacc(o— n)
K(n—o0)=N(n)xXo(n— o)Xxacc(n — o)

acc(o—n) N(n)xoa(n—o) N(n)
acc(n— 0) N(o)xa(o—n) N(o)




NVT-ensemble

N(n) o< exp| =BU (),

acc(o > n) N(n)

acc(n— 0) N(0)

acc(o > n) _ exp[_ﬁ[U(”) i U(O)ﬂ

acc(n — o)




Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE mcmove attempts to displace a particle

o=int (ranf () *npart) +1 select a particle at random
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Questions

How can we prove that this scheme
generates the desired distribution of
configurations?

Why make a random selection of the
particle to be displaced?

Why do we need to take the old
configuration again?

How large should we take: del1x?
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Mathematical

Transition probability:

(o — n)=0o(o— n)Xacc(o— n)

Zﬂ(o%n)zl

Probability to accept the old conﬁguratio

71'(0%0):1—277:(0%11)

n*o
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Keeping old configuration?
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Not too small, not too big!

2
<Al >

Cost
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Non-BoItzmann sampling

S A3NN'J‘drNA exp[ ﬁlU(rN)}

N
CXP Why are we not using this? }
T, 1s arb1trary'
Aﬁz [)’2 2l

J. drN A eXp
We only need a ]
single XP[,B e VT T ]
simulation! We perform a simulation at 7=7,

N

-

and
we determine 4 at 7=T,
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P(E)

Overlap becomes very small } 21




How to do parallel Monte Carlo

* |Is it possible to do Monte Carlo in
parallel
— Monte Carlo is sequential!

— We first have to know the fait of the current

move before we can continue!
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Parallel Monte Carlo

Algorithm (WRONG):
1. Generate k trial configurations in parallel

2. Select out of these the one with the lowest

energy
O

) i -Au.)] ° o

O

> exp|-B(U,)] o °

3. Accept and reject using normal Monte
Carlo rule:

acc(o — n) = GXP[—:B(Un R Uo)}
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Conventional acceptance rule
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Conventional acceptance rules leads to a bias

24



Detailed balance!
K(o—>n)y=K(n — o)

K(o—>n)=N(@)<ox(o —> n)><acc(o —> n)
K(n—so0)=Nmn)<oa(n — o)><acc(z~—> 0)
acc(o —>n) N@m)<ox(n—>o0) N(n
acc(n —> 0) N((o)x<o(o —>n) N(o)
/
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Detailed balance

Tel Cas

K(o— n)=K(n— o)
K(o—n)=N(o)Xo(o— n)Xacc(o— n)
K(n—o0)=N(n)xa(n— o)xacc(n— o)
acc(o — n) N(n))(w) N(n)
acc(n—>o0) N@O)xXae*=n) N(o)




K(o—n)= N(o)xa(()% n)xacc(()% n)

exp
o(o—n)= 3
e exp
exp
o(0— n)= [
exp U
o(n— o) =
¥ eXp [3
exp[ }




acc(o—n) N(n)xoa(n—o) N(n)
acc(n—0) N(o)xa(o—n) N(o)

exp [—ﬁ (U, )} eXp [—:B U, )}

o(o—>n)= 0 oa(n—o)= W(o)

N(n) X exp[—ﬁ(U )}
acc(o = n) _ W(o)  wn
xp| — 74
acc(n — 0) = a p[ ﬁ(Un)] (0)
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Modified acceptance rule
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Modified acceptance rule remove the bias exactly!
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