Free Energy
Calculation




Free energies: classical thermodynamics

Free energies: statistical thermodynamics

Monte Carlo simulations: what went wrong?

Experiments: how to make a chemical potential-
meter?

Free energy techniques:

O Thermodynamic integration

O Krikwood coupling parameter
Widom test particle insertion
Overlapping distribution
Histogram method

Umbrella sampling
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Chemical

Until now we have assumed that most of our

systems are closed: NVE
Let us now assume that our

system can exchange matter

First law

du:TdS—pdv+Z<

dn. add one mole of
: component i at

Q | constant S, V, n;

Change in U if we
ou ) .
S

6m Vim;

Chemical potential

o ol
% o oM S,V,n;
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RN EEEY .!I. 2T EEREERET
" How is the chemical po’ren’rlal is defined in term of A, GH 5
b

A= 1l= 1
dA =dU — TdS — §dT

Using

ou
dU = TdS — pdV + E (611) dn;
1 S,V,n)-
ou
dA = —SdT — pdv+§ ~

dni
dA = —SdT — pdV + Z dn;

>S,V,T‘Lj

ony T,V,n;

Ui =

Chemical potential /5 U
(), = ()

am aTLi
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dU=TdS —pdV+ ) pdny

Enthalpy dislt=Slid>=Vidp: It Z widny

Helmholtz free energy dA =—SdT —pdV + ) pidny

Gibbs free energy dG = —SdT + Vdp + ) pidn;

Chemical potential
= ot
ul = ani S,V,le

Monday, January 10, 2011 5




G is extensive

How does the Gibbs free energy change if
the system is increased by a factor k?

NG-—k6 - A TE
dG = —SdT + Vdp + Z widn;
Integration gives
AG=0+0+ ) mAn;

AG=0+0+) w(k—1)n;

1

Which gives:

G = Z Hini

Monday, January 10, 2011 6




quﬂ |br|um

Let us consider a system with a constant
number of particles, volume, and energy.

This system consists of two phases &
and B

Question: When are these two systems in equilibrium?
du”

== e B: dOC: ﬁd v H_SC OC
dS =d5% +dSP =0 d5% = ——+ _dV¥ = ) =Ldnf

x 3 1
dS* +dSP = (l 2 l) GIE[EE (p— = p—) dV*

T TP T T8

()

Equlllbrlum RS T[3 /\p — ‘pB /\ uf‘ — u{s
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R R = i X

K !

Vapor-liquid equilibria

Equilibrium: T*=TP Ap* =pP Ap* =ubP

Van der Waals equation of

kBT a

P = =
Vi ey

We need to compute the
chemical potential
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Chemical potential ,;
In equilibrium we have: 1™ (T, V%) = uP (T VP)
Alce s ERVe ) Ve

0.6

Equilibrium if: Ap*P :J dV %)

=)
n

- oV
How fo relate this to
the equation of state?

Recall that we derived the relation between changes in the
chemical potential and temperature and pressure (Gibbs-Duhem)

6= Z Wiy or, for a pure component G =np
i

Y nidp; =-SdT+Vdp or  ndu=—SdT+ Vdp
i dp = —sdT + vdp
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a_p
v /¢

Equation of state gives us
the chemical potential

(0.6
pdv
5
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Vapor-llqmd eqmllbrla

Equilibrium: T*=TP Ap*=pP Au* =pb

Equal chemical potential if

J (]9 =% pcoex)d\) =
3

Equilibrium if these
areas are equal
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NVensmbIe

Define de Broglie wave length:

1

% 2

AELh 3 r
2T m

Partition function:

Q(N,V,T)_AWN'JdI’ exp[ BU( )}

Free energy:

F:—%an(N,V,T)
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o &b b ok i
Q(N,V,T)—A3NN'_[dr exp| -BU ()]

Free energy:

~NhA’ +N1n(£

v

ijlnA3+Nlnp
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Thermo recall (3)

Helmholtz Free energy:
dF =—SdT — pdV
Pressure

£

Energy:

OF/T_(9BF\_,
oUT | | o |
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Free energy: BF=NIhA’+Nln = .=

Pressure: e
av ). BV

Energy: E:(3BF ]_3_N8_A_§NkBT

B | AP 2

Chemical potential:
Bu =InA’+Inp+1

B =B’ +np
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- Monte Carlo simulation |

What is the difference between <A> and F?
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he p?ifeb importance sampling

QiVT e J.drNA )exp[—ﬁU(rN)]

:JdrNA r )P(rN) =

- IdrNA(rN)Cexp[—ﬁU(rN)]
JdrNC exp[—ﬁU(rN)]

Generate configuration using MC:

N
{rN s e rﬁ} A:M;A(QN) =

with
PY(r")=C" exp[ -pU(r")]
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Experlmental (2)

aFj
V )y r

1.50

I‘I B | ol Eell Hol Holb Nolb Nolb Holb N -’I

e Works always for
vapor-liquid

* Requires a large
number of
simulations to fit the

equation of state
| * Does not work for
1.0 solid-liquid
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Thermodynamic integration |

Coupling parameter

U(A)=(1-A)U, + AU,

U (}\,): U LJ + }LUdipOIC—dipole
U(O): U Lennard-Jones
U(l): UStOCkm S'l'OCkmaYer
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k:
1

5
o
3

1
=——1In
F B (QNVT)

=
B O oL

: J-drN(aU(/l)/aﬂ,)exp[—ﬁU(/l)] :<8U(7¥)>
- jdrN exp| —BU (1) | W

Free energy as
ensemble average!

F(A=1)-F(A=0)= Jd/1<alg;?)>
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Monday, January 10, 2011

AG,

—

Experimentally we can
measure the free

energies of association.
AG,

—

We would like to have B’
the molecule which has

the optimal free

energy of association

21



@

Solution: compute the potential of mean force =
the reversible work required to bring B to the host
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A,

We do not need to know the absolute value, but to
see whether B or B’ is better we need to know only:

AAG = AG, - AG, U(A)=U(B)+2|U(B")-U(B)]
In a simulation it is easier to compute:

AAG = AG,, , — AG

soly
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U(A)=U(B)+2|U(B")-U(B)]

U (1)
oA [, When will this computafion
be accurate?

F(lzl)—F(le):Jdﬂ,<
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| | | | | | | | K Kl | K | | K | | |
0 U0 HH 0 H B H O U O U H U UL I I U U u I 1 I
- . . = . i 3

- Chemical potential |

Scaled coordinates: s=r/L

O = A3NN'JdS exp[ ﬁU(s L)}

BF = _ln(QNVT )

_ID(AZ:;\J!]_IH(J“N exp[ U (s"5L) ]
—Nln( A13 ] - ln(JdSN exp[—ﬁU(SN?Lﬂ)

o,
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|

Chemical potential: Widom test particle method

BF = —ln(QNVT)

Monday, January 10, 2011 26



_ BE(N+1) - BF(N)) ;
N+1-N “

=—In
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U(leL) AU* +U(s L)

pu

Monday, January 10, 2011

—In

\

[ [as* [ds,., exp[ -B(AU" +U(s":L)) ]

stN exp [—ﬁU(sN;L)]

+ eXp:_ﬁU(SN I’L)] ]
J.dsN exp —ﬁU(sN'L)]

\

J

Ghost particle! =*

"

-
3
b
o



Algorithm 16 (Widom Test Particle Insertion)

subroutine Widom excess chemical potential
via the addition of test particles

xtest=box*ranf () generate a random position

call ener (xtest,entest) determine energy
wtest=wtest update Boltzmann factor in (7.2.5)

+ +exp (-beta*entest)

return
end
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m— =

pu =-in( Jas.. (e[ -pou ),

CoELTs O

T T T i = j = T | = T

.\ |0 1toverlap
(ool v

Probability fo insert a test particle!
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equation of state
O Grand canonical
® Test particle
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DRt
stN exp :—ﬁU(sN;L)} ]
U(sN”;L):AU++U(sN;L) U(SN;L)IU(SN+1;L)—AU+

o J‘dsN+1 exp[—ﬁU(sN“;Lﬂ
J‘dsN+l exp[+ﬁAU+ — ﬁU(sN”;L)]

stNH exp[+ﬁAU+ ]exp[—ﬁU(sN“;L)]

N+1VT)

— +ln(<exp[+ﬁAU+ :|>

real particle! =°
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Ot er ensembles: NPT
NVT: Helmholtz free NPT: Gibbs free energy

=(8_G)
T =

Owpr = JdVVNeXp —BVP st exp[ ,BU(S L)]

A3NN'

BG(N +1))- BG(N)) G )

s e e O(N)
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JdVVN exp(—ﬂVP)stN exp[—ﬁU(sN;L)]

[ JdVVN+1 exp(—ﬁVP)stN+1 exp[—ﬁU(sN“;Lﬂ]

JdVVN exp(—ﬁVP)VJ.dsN exp[—ﬁU(sN;L)]J’dsN+1 exp(—ﬁAU+)
IdVVN exp(—ﬁVP)IdsN exp[—ﬁU(sN;L)]
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Javv¥ exp(=pvP)V [ds" exp| ~BU(s":L) | [ ds.. exp(-pAU”) | E
JdVVN exp(—ﬁVP)stN exp[—ﬁU(sN;L)] ‘

BP JdVV exp(—BVP st exp[ ﬁU ]st Vexp( ,BAU)
el JdVVNeXp —BVP st exp[ ﬁU( )]

Bu=In(A’BP)-1n {

The volume fluctuates!
<%J’dsN+1 exp(—ﬁAU*)> <1'€,1[)‘/><_"ds,v exp( —BAU™ )>

LY jds  exp(—BAU" )>

| Bu=In(A’BP)-1 <
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- NVTversus NPT

NVT:

Bu=BIn(p)- ln<stN+1 exp[—ﬁAU+ ]>

3
3

NVT

NPT:
BPV

N stN+1 exp(—,BAU+ )>

Bu = ln(A3ﬁP) - ln<
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Overlapping Distribution Method

Two systems:
Sys’rem O: N, VT, U, Sys’rem 1: N, V,T, U,

0= jds exp(-pU,) Q= st exp(-pU,)

ASNN' A3NN'

ABF = BF, - BF, =—1n(Q,/Q, )

:dsN exp(—-pBU, ) %

st exp(—pU, ) = kil st exp(—pU,)
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System O: N, V/T, U, System 1: N, V,T, U,

Let us define
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[ ds” exp(-BU,)8(U, - U, - AU)
J.ds exp(—BU,)

PO(AU)

=AU: Because of the d function it can
be taken outside the integration

[ ds” exp[ -B(U, - U,) Jexp[-BU, |6 (U, - U, - AU)
st exp(—pU,)
exp[-pAU] [ ds" exp[-BU, |6(U, - U, - AU)
stN exp(—pU,)

pi(AU) =

st exp(—pU, ) = kil st exp(—pU,)
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Overlapplng Dlstrlbutlon Method

exp[-pAU] [ ds" exp[-BU, |8(U, - U, - AU)

p,(AU) = [as" oxp(_BU,)

S J.dsN exp|-BU, |6(U, -U, — AU)
= 4 iy stN exp(—ﬁUO)

jds exp(—BU, )= 4 st exp(-BU, )

L. — exp(BAF)
q,

paU)=2 > L exp(-BAU)p, (AU) (I p,(AU)= B(AF — AU )+ 1n p, (AU) >

422
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— — — — —_— — — —_— —_— —_— — —_— — — — — — — — — — —_— —

In p,(AU )= B(AF =AU )+1n p,(AU)
Let us define two new functions:

£, (AU)=1Inp,(AU)-0.5BAU

PRl ba ¥ o e

BAF = f,(AU) - £, (AU)
f(AU)=Inp,(AU)+0.5BAU
Fit f, and f, to two polynomials
that only differ by the offset.

f.(AU)=C, +aAU + bAU? + cAU’
PAF = C, -G,
£, (AU)=C, + aAU + bAU* + cAU’

Simulate system O: compute f, o

Simulate system 1: compute f,
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+ 1 ideal gas
ABF = BF, - BF, = Bu° AU =U, -U,

System O: test particle energy System 1: real particle energ

Bu= = £,(AU)- £, (AU)

e

——-— Widom
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- X = i LR x|

~ System 0: N-L, VT, U
+ 1 ideal gas

£(AU)=Inp, (AU)=05BAU £ (AU)=1Inp (AU)+0.5BAU

* Accurate sampling only if
there 1s overlap between
the two distributions

» How to create this
overlap?

Monday, January 10, 2011
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| II I II II |I |I |I u II II II 1 II II II il II u u II II II I
Intermezzo: order parameters and

Landau Free energies (1)
Landau free energy density:

B1{a)= -t ol ol o -0 o

Probability to find the system
with order parameter g

P(q)dg = eXp[—ﬁf (q)]dq

Free energy:

I = Jf(q)dq
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Probability to find the system with order
parameter q

P(q)dg o< exp| =B (q) |dg
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‘Histogram method (1)

Define a set of windows:
o if g < q;.nin

0 if q;.nm <g< q;nax

oo 1f qg > q;.nax

For each window determine:
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2
v
S
'
S
Q
)
(V)
3
o
i
=
2
<
O
S
)
—
o
(N1IR

Connect the windows
using some overlap

between Windows

49
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" Umbrella sampllng (1) =
e 816)] = ool s -0 (" o

&(g)=1(a)-1*(q)

[8(a—a(r"))exp|[-BU(r") |dr"
Jola—alr )"

")8(a—alr ))exp[ pu (") Jar"
V) (r)8g—afr" e

exp| ~pAf (4) =

1\ )5(q—q( )exp —BU(r" }(rN)drN
T J8(a—aq(r" e (r")dr?




I I I I I I I [
- A ;

= I”_l(rN)5(q_q("N))eXP[—ﬁU(rNﬂn(rN)drN f
Ja~ (e")8(a - alr hr(r")an This is NOT a

Boltzmann distribution

exp| —BAf (7) |

How to choose 1?

Ideal sampling
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