Basic Monte Carlo
(chapter 3)

Algorithm
Detailed Balance

Other points



Molecular Simulations

¢ Molecular dynamics: solve
equations of motion ﬁ
Fy

¢ Monte Carlo: importance
sampling 7




Statistical Thermodynamics

Partition function
Onvr = A3NN'fdr eXP[ ﬁU( )]

Ensemble average

(A) =ty [l A o[- pU )

NVT 3N
QNVT A N'

Probability to ﬁnd a particular configuration

NG )= g ot 6 = oo U () o[-0 )

Free energy

pF = - 1n(QNVT )



Monte Carlo

Aim : compute thermal averages (to obtain
thermodynamics)

2i OXP(—Fei) A
2_i eXP(—P¢i)

A; = (i] AJi

(A) =

Where i labels all eigenstates of the system,
and



Phase space integral

In the classical limit we replace the sum over quantum states by an
integral over phase space

~ [dpNarN A(pN, rN) exp(—BH(pN, rV))
[ dpNdrN exp(=BH(pN,rN))

r is position vector and p is momentum vector.
N is number of particles

H is the Hamiltonian of the system

and B=1/kgT

(A)

In replacing the sum by an integral, we have attributed a “volume” h3N
to every quantum state



Hamiltonian is sum of potential and kinetic energy

2
b;
Hp™,r") =U")+ ) o5

If A does not depend on momenta the integration of momenta can be
done analytically (Gaussian integral)

[ dr AG™) exp(—pUE™))
[ drN exp(—BU(rN))

(A4)



Problems with this integral

We cannot compute the sum over all quantum states
because there are so many

And we cannot compute the classical integral either
(except the integration over momenta).

Consider “normal” numerical integration of 100
particles, 3 dimensions, 10 points in every direction.

Requires 103% points for a very poor estimate of the
integral...



Daan Frenkel s analogy

A similar but much
less serious problem:

Measure the depth of
the Nile by

quadrature.

Not very efficient...

© D. Frenkel



The solution

A better
strategy:

measure depth

while walking o N
around in the |

Nile &3

Importance
sampling '

;)

© D. Frenkel



Importance sampling

We wish to perform a random walk in configuration space, such that
the number of times that each point is visited, is proportional to its
Boltzmann weight

N (%) = cexp[-BU (r")]

Then

how to achieve such a random walk?



Balance

Whatever our rule is for moving from one point to another, it should not
destroy the equilibrium distribution.

That is: in equilibrium we must have balance

\./Z/(S n)
/ m(n — o)



Detailed balance

denoting o old configuration and n the new state reachable from o this
balance condition is

N(0)» m(o—n)=> N(n)m(n— o)

A stronger condition is

N(o)m(o — n) = N(n)r(n — o)

for each pair of states o, n

Detailed balance (automatically implies balance)



Importance Sampling Random Walk

A move starting from one point consist of generating a trial move
and accept or reject such a move.

Transition probabilities are a product of the generation probability
and the acceptance probability

(o —n) =alo — n) x acc(o — n)

Detailed balance implies
N(o)a(o — n) x acc(o — n) =

N(n)a(n — o) x acc(n — o)



Metropolis algortihnm

Generation probabilities are often chosen symmetric.

a(o —n) = a(n — o)
Therefore

N (o) x acc(o — n) = N(n) x acc(n — o)

acc(o = n) _Nn) _ _swm)-v(o)
acc(n — o)  N(o)

the choice of Metropolis, Rosenbluth, Rosenbluth,Teller and Teller (1953)

acc(o — n) = min (17 6—@[U(n)—U(0)])



Importance Sampling Random Walk

A move starting from one point consist of generating a trial move and
accept or reject such a move.

acc(o — n) = min (17 6—5[U(n)—U(0)]>

Metropolis, Rosenbluth, Rosenbluth,Teller and Teller (1953)

« try to change energy state

. COmpute AE =Enew _E0|d

« accept new state if ran < exp(AE/KT)
* reject otherwise
« sample the state of the system

* repeat




Does MC give an ensemble average?

1

(A) = : fdrNA(rN)eXp[—/a’U(rN)]

NVT QNVT A3NN!

_fara(e)pler) LAy el pufe)

de'NP(I' Q\HAHN‘
=de'NA(I'N)CeXp[—ﬁU(I'N)-| _fdrbnv JCAP—PUT ]

fdrNCeXp [—ﬁU(rN)] B fdrN exp [—ﬁU(rN)]
Generate configuration using MC:
1M drVA(r" ) PY (Y
{I‘N I‘N 1'3N’1‘N .-,I‘A]/\IZ} ﬁzl ( ) f fderPAZC(I’N() )

) fdrNA(rN)CMC exp[—/y’U(rN)]

with fdrNCMC exp [—ﬁU(I’N)]

P (rN) = C™ exp [—ﬁU(rN)] ) fdrNA(rN)eXp [—[J’U(rN)l
fdrN exp[—[a’U(rN)]




MC in practice



Algorithm 1 (Basic Metropolis Algorithm)

PROGRAM e Basic Meropols algorthm

do ieyel=l,neyvel perform neyel MC cycles
call rcrove aisplace a particle
AL (rodiicycl,.nsarg) .eq.0)

+ call sample sarple averages

enddo

end

Comments to this algorithm:

1. Sulvoutine mcmove alfespds fo displace @ ramdomly sefected particle
(see Algorithw 2).
2. Sulvoutine sample sawples guantilies coery nsaspli cycle.

18




Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE rorove tompts 10 displace a paricie
o=int (zranf () *npart) sl SOWOCT A pArtiche At random
call enerix{o),end| enengdy old configuration
xoexfolticant()~0.5) "delx gve paricie random dispiacement
call ener (an, enn) enengy new configuration
Af dranfi). it . expi-beta accoeptance nde 121)
‘. *lenn-+0o) ) x(0)=xn ACoepied: replace x (o) by xn
Foturn
ond

Comments do this algorithm:

1. Subrowtine onex caloslates the encrgy of & particle & the givem position.

2. Note that, iff @ configuration is rejecied, the ol configaration is redamod.
X The canf () is @ ramdome mumber smiform dn 0, 1)
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Questions

How can we prove that this scheme
generates the desired distribution of

configurations?

Why make a random selection of the
particle to be displaced?

Why do we need to take the old
configuration again?

How large should we take: delx?



Detailed balance

e e

K(o— n)=K(n— o)
K(o—=n)=N(o)xm(o—n)

K(o— n)= N(o)xa(o— n) xacc(o— n)
K(n—0)= N(n)xa(n— o)xacc(n— o)
acc(o—n) N(n)xa(n—o0) N(n)
acc(n — o) B N(o) x a(o — n) ) N (o)




NVT-ensemble

N(n) « exp [—f?’U(”)]
aCC(O —> n) N(n)

aCC(n —> 0) B N(O)

acc(o = n) _ exp [—/5 [U(”) B U(O)”

acc(n — o)




Questions

* Why make a random selection of the
particle to be displaced?
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Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE rorove

o=int (zanf ) *npart )+l
call enerixioc),end)
xoex{o)ticanf()~0.5) "delx
call ener (an,enn)

A (ranfi) . it expi-beta

. *lenn-+0o) ) xXIi9)=xn
Feturmn

ond

Comments fo this algorithm:

Mtempts 10 displace a paricie

SOOCT & PAIC AL fandom
enengy old configuration

@'ve paricie random displacement
enengy new contiguration
acceptance nde (3.2.1)
ACoepied: replace x (o) by xn

1. Subrouline ene: caloslates the energy of @ particle &t the given posiion.

2. Node that, if @ comfiguration is rejeciod, the ol configaration is rebsimod.
X The canf () is @ ramdome mumber smiform dn 0, 1)
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Detailed balance

e e

K(o—=n)=K(n— o)

K(o—=n)= N(o)xa(o— n)xacc(o— n)
K(n—=0)=N(n)x a(n— o) xacc(n— o)

acc(o—n) N(m)xa(n—=o0) N(n)
acc(n—o0) N(o)xa(o—n) N(0)
a(o — n) = a(n — o)

Hence, we have assumed backward move is equally likely to be
generated as forward move : RANDOM selection! 25




Questions

* Why do we need to take the old
configuration again?

26



Mathematical reason

Transition probability:

w(o—n)=oa(o— n)xacc(o— n)

En(oen)=l

Probability to accept the old conﬁguratior’

n(0%0)=1—2n(0%n)

27



Keeping old configuration?

Recounting old configuration

\ Lennard Jones equation of state

0 100 .
.
o
A 50 .
4
) ! X
.o

00\ -~ A - A al 00 3
o9 oL o4& o

Not recounting old configuration .



Questions

* How large should we take: delx?

29



Not too small, not too big!

2
<A\ >

Acceptance probability is usually optimal around 0.5,

but can be smaller e.g. for hard cores around 0.2
30



Practical issues

Boundaries

CPU saving methods
Reduced units

Long ranged forces



Boundary effects

In small systems, boundary effects are always large.

1000 atoms in a simple cubic crystal — 488 boundary atoms.

1000000 atoms in a simple cubic crystal — still 6% boundary
atoms.

32



Periodic boundary conditions




Algorithm 5 (Caloulation of the €nergies)

sureoen ee ener(x,en)
=0
@0 i=l.mpact
4310
anddo
@0 i=l.,opact~]
do j=ivl,.mpart
LIS RIS 183
mrenr - bentaiat (nr/bon)
TR
A 1l it ned) then
i1/
thisgli**)
ffedl®r2atrbi® (2L -0.9)
AT AR RS 4 44 5
A I A5 1R 4 42 =
eoman* 4% 8L (edi 1) vacut
endi
arvddo
ervieby
L AR
el

Sol 100es 10 2ev

00P Over af pairs

FPOOOIC DOLACaY CONSRON.
Sest Lol
Lermasd Joses potertind
wpdate roe

vpdane ererpy
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Energy evaluation costs!

The most time-consuming part of any simulation is the
evaulation of all the interactions between the molecules.

In general: N(N-1)/2 = O(N2)
But often, intermolecular forces have a short range:

Therefore, we do not have to consider interactions with far-
away atomes.



Saving CPU

e Cell list Verlet List




New decomposition : “Neutral Territory  method
(Bowers, Dror & Shaw: J. Chem. Phys, 124: 184109 (2006)).
The black box maps onto one processor.

Each processor handles interaction between all particles 1 that are
within the xy coordinates of the box and with its z-range, with all
particles j that are within the z coordinates of the box and within its

Xy range.



Application: Lennard Jones potential

*The Lennard-Jones potential

12 6
9) _(Z2
S
*The truncated Lennard-Jones potential

u(r)={MU(r) rer

u" (r)=4e

0 r>r.
*The truncated and shifted Lennard-Jones potential

u<r>={“”<">—u“<rc>

0 r>r,



Algoithm 5 (Caloulation of the €nergies)

sureoon Lee ener(x,en)

=0

@0 i=l.mpact

4310
anddo
@0 i=l.,opact~]
do =ivi,.mpart

pren bl oni
RE=nrontnint (nrbon)
(PRl LA
Af sl .it.k0d) then

f2i=i/n2

fhieg2i**)
ffedf*r2a%rbL* (r6L-0.9)
Cllistiipetton

endif

el 1on0es 10 2o

0D Over al pars
PROOIC DoAY CONSTON
Seat Qe

Lermasd Jones potertind
wpdate roe

LS LS 45 LES £ 42 =
| enmentdteaitiehicl) cacut | wpdane erengy
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Reduced units

Example: Particles with mass m and pair
potential:

v(r) =ef(r/o)

Unit of length: O

Unit of energy: €

Unit of time: oy/m/e



p—

Phase diagrams of Lennard Jones fluids

o . -
131 .- "o,

1.1

0.9

0.7 — runcaled and shifled
==== (3l cOrection

0.5 M L A 1 A L A
00 02 04 06 08 10
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Long ranged interactions

* Long-ranged forces require special techniques.
— Coulomb interaction (1/r in 3D)
— Dipolar interaction (1/r3 in 3D)

e ...and, in a different context:
— Interactions through elastic stresses (1/r in 3D)
— Hydrodynamic interactions (1/r in 3D)



Beyond standard MC

* Parallel tempering
* Parallel MC

e Cluster moves

43



Parallel tempering/Replica Exchange

Ergodicity problems can occur, especially in glassy systems:
biomolecules, molecular glasses, gels, etc.

The solution: go to high temperature

E
High barriers in energy
landscape: difficult to sample low T
phase space
Barriers effectively low: easy to e

sample
high T

phase space



Non-Boltzmann sampling

1 1 N AN N
<A>NVT1 - QNVTI A3NN!fdr A(I‘ )exp[—ﬁlU(r )]

) fdrNA r exp[—ﬁlU ,
) [—ﬁlU(r
eXp |
T [AY)
(aeso (B~ B0,
(ep((6.-BJ0T),,,

, /a’zU(rN)—/SzU(rNﬂ
: [[J’ZU(rN)— [o’zU(rN)]







Parallel tempering/Replica Exchange

Simulate two systems simultaneously

system 1
temperature T,

6—51U1 (r™) 6—52U2(TN)

total Boltzmann weight:

6—51 Ui (TN)e—ﬁz Us (r™)



Swap move

* Allow two systems to swap

system 2
temperature T,

6—51U2(TN) e—ﬁzUl (r™)

total Boltzmann weight:

6—51 Us (""N)e—52 Uy (r™)

aCC(]_ —> 2) — min (17 6(62_61)[U2(TN)—U1(7“N)])

an sur Lesse



Acceptance rule

The ratio of the new boltzmann factor over the old one is

N(n) — 6(52 —B1)[U2(r™)—=Us(r™),
N (o)

the swap acceptance ratio is

aCC(l <« 2) — min (17 6(52_51)[U2(TN)_U1(7“N)]>



More replicas

Consider M replica’ s in the NVT ensemble at a different temperature.

3

A swap between two systems of
different temperatures (T,T;) is
accepted if their potential
energies are near.

300
0

other parameters can be used: Hamiltonian exchange



Beyond standard MC

* Parallel tempering
* Parallel MC

e Cluster moves



How to do parallel Monte Carlo

* |sit possible to do Monte Carlo in parallel
— Monte Carlo is sequential!

— We first have to know the fate of the current
move before we can continue!



Parallel Monte Carlo

Algorithm (WRONG):
1. Generate k trial configurations in parallel

2. Select out of these the one with the lowest
energy

P - exp[-B(U, )] o

RS

3. Accept and reject using normal Monte Carlo
rule:

acc(o e n) = €Xp [—/3(Un - Uo)]



Conventional acceptance rule

S00F 4 & b 4
H?¢+¢<"

$ ¢

o100 | ? |
/

| : % |

-6000 |

6200 bk i
1 10 100 1000

i

Conventional acceptance rules leads to a
bias
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Detailed balance

e e

K(o—n)=K(n— o)

K(o—n)= N(o)x a(o— n)xacc(o— n)

K(n—0)= N(n)xa(n— o) xacc(n— o)

acc(o—>n) N(n)x a@m{o) N(n)
acc(n—0) N(o)xafe*=n) N(o)




K(o—n)= N(o) x a(o — n) x acc(o — n)

exp

a(o—n) =

E . exp
exp
a(o—n) = |
exp
a(n—o0)=
| exp

exp
a(n— o) =




acc(o—>n) N(n)xa(n—=>0) N(n)
acc(n — o) B N(o)x a(o— n) B N (o)

exp [P (U, )1 exp [-p (U, )1

a(o—=>n)= a(n—o0)=

W (n) W (o)
N(n) x exp[ ﬁ(U )1
acc(o = n) _ wlo) — wm
acc(n — 0) Vo) p[ /3(U )1 W (o)

w(n)



Modified acceptance rule

.5960 o ¢ ¢ A 6 - /
: l 7 Q 6 ¢ ? :q
5000 | ¢
6100 F + + o
- 48200 PP PP L
1 10 100 1000
g

Modified acceptance rule remove the bias
exactly!
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Beyond standard MC

* Parallel tempering
* Parallel MC

e Cluster moves

60



Metropolis Monte Carlo:
1. generate trial moves

2. Move if accepted

3. Otherwise, stay where you are

Metropolis, Rosenbluth,Rosenbluth, Teller and Teller:

acc(o — n) = min (1, exp{—AlUE™) — U(I'N)]}>

Alternative: “symmetric rule”

exp{—auU (")}
exp{—BU('"™)} + exp{—BU(N)}

acc(o — n) =




Unsatisfactory?



© D. Frenkel



Solution of conflict: 1if we do not impose

a(o —n) = a(n — o) then

acc(o—+n) a(n — o)

exp{—pluU(n) —U(0)]}.

acc(n —o0) «alo—n)
In particular, 1f:

a(n — o)
a(o — n)

= exp{—p[U(o) —U(n)]}.

Then
acc(o—+mn)

— 1 (100% acceptance)
acc(n — o)




100% acceptance can be achieved in special cases:
e.g. Swendsen-Wang algorithm

Discrete spin models (Potts, Ising).

[llustration: 2D Ising model:

Parallel nearest neighbor spins: energy —J

Anti-parallel nearest neighbor spins: energy +J

U = _stisj
1,]



A A A A A
v v v
A A A A
v v v v
A A A A
v v v v
A A A
v v v v v

Snapshot: some neighbors are parallel,
others anti-parallel



Count number of bonds between parallel neighbors: N/

Number of bonds between anti-parallel neigbors 1s: N

Total energy: U= (N,-N ) J

a



A A
LB ]
v
N
N . -
[ v 4

A |
N |
v v

H o

Now, make “bonds”. Bonds only form between parallel
neighbors. The probability to have a bond (red line) between
parallel neighbors 1s p (as yet undetermined). With a probability
1-p, parallel neighbors are not connected (blue dashed line).




Form clusters of all spins that are connected by bonds. Some
clusters are all “spin up” others are all “spin down”. Let us
denote the number of clusters by M.



The probability to generate a particular cluster structure where
there are n, bonds between N pairs of parallel neighbors is:

Pgen = p"¢(1 — p)""P "



Now randomly flip clusters. This yields a new cluster
configuration with probability P g =(1/2)M.

Then reconnect parallel spins






New cluster structure!

Now make it into a Monte Carlo algorithm:



POPclus(O)Pflz'p(M)PaCC(O = 'n)

Pnpclus(n)Pflip(M)Pacc(n — 0)

exp(—,BUo)pn‘(l L p)Np(O)—n(:(1/2)1\'1Pacc(0 . ,n)

exp(—BUn)p"(1 —P)N”(n)—n"(1/2)MPaCC(n — 0)



POPclus(O)Pflz'p(M)PaCC(o n)
PnPeiys n)Pflip(M) Cc(n—\

exp( an)p"f(/lp)Nv" te(1/2)M Page(0 — n)

exp(—BUn)p™(1 — p) W) =7c(1/2)M Pyre(n — o)



Moreover, we want 100% acceptance, i.e.:

P..(o—n)=P,  (n—0)=1

accC accC

exp(—BU) (1 — p)Nelo)=rc(1 /)M p, . .(0 — n)

exD(—ﬂUn)y((l _p);\-'l,(n)—m.(1/)1\113(166(,” o O)



Hence:

exp(—BU,) (1 —p) V() = exp(—B8U,) (1 —p)Ne(?)

exp(B(Up — Uy)) = (1 — p)Vp(n)—Np(o)

But remember:

Un —Up = J(Na(n) — Np(n)) — J(Na(0) — Np(0))

or

AU = J(AN, — ANp)



But: ANg = —-AN,
and therefore
AU = —2JANp

exp(B(Un — Us)) = exp(—=28J(Np(n) — Np(0)))

Combining this with:

exp(B(Upn — Uy)) = (1 — p)Vp(n)—Np(o)

we obtain:

p=1-—exp(—28J)



100% acceptance!!!
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