Free energies and phase transitions




Why Free Energies?

» Reaction equilibrium constants A B

_ | B] _ Pp _ a B
K= e Py =exp|-B(G, - G,) |

« Examples:
— Chemical reactions, catalysis, etc....
— Protein folding, binding: free energy gives binding constants

* Phase diagrams
— Prediction of thermodynamic stability of phases,
— Coexistence lines
— Critical points
— Triple points
— First order/second order phase transitions
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Along the liquid gas coexistence line
increasing the pressure and
temperature at constant volume the
liquid density becomes lower and the
vapor density higher.

Critical point: no difference between liquid and vapor
Triple point: liquid, vapor and solid in equilibrium.

How do we compute these lines?



Condition for phase coexistence in a one-component system:

H1 — 12



The Gibbs “Ensemble”
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Gibbs Ensemble

Equilibrium!
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*Distribute n, particles over two volumes
*Change the volume V,
Displace the particles

Q:(N,V,T)=



_\N 1
QG (N ,V,T) — anzo VAN (N-np)!

Distribute n, particles over two volumes:

(21=m«$im»
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Integrate volume V,



v
QG (N ’V’T) = Z:=0 VA3Nn1!1(N—n1)! jo dVl Vlnl (V _Vl)N_nl
-[ ds' exp[-pU (Sfl)]j ds) ™ exp[-AU (s; ™)]

Displace the particles in box 1 and box2
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Probability distribution
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Acceptance rules

Vlnl (\/ _Vl) N -y

N(n,V.,s", S0 ™) oc
(1 1°¥1 2 ) nl'(N—nl)'

exp{—pBLU (sp) +U (s ™)1}

Detailed Balance:
K(o—>n)=K(nh—0)
N (0)x (0 — n)xacc(o — n) = N(n)xa(nh — 0)xacc(n — 0)

acc(o—»n) N(n)xa(n—o0)
acc(n —>0) N(0)xa(0o—>n)

acc(o—-n) N(n)
acc(n —>0) N(0)




Displacement of a particle in box 1

Vlnl (\/ _Vl) N -y
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Displacement of a particle in box 1

Vlnl (\/ _Vl) N -y

N(n,V.,s",s0 ™) oc
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exp{—pBLU (sp) +U (s ™)1}

O OO*
exp{~AlU, (M) +U ;™I | O 00

050
OHF,

Vlnl (\/ _Vl)N—nl
n!(N —n,)!
Vlnl (\/ _Vl)N—nl
n!(N —n,)!
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Acceptance rules

Vlnl (\/ _Vl)N—nl
n!(N —n)!

N(n,V,,s2,s) ™) o

exp{—pBLU (sp) +U (s ™)1}

Adding a particle to box 2
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Moving a particle from box 1 to box 2

Vlnl—l (\/ _Vl) N —(n —1)
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Moving a particle from box 1 to box 2
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Algorithm 17 (Basic Gibbs Ensemble Simulation)

PROGRAM mc_Gibbs

do levels=sl.neyel
ran=ranf () * (npart+nvol+nswap)
if (ran.le.npart) then
call mcmove
else 1f (ran.le. {(npart+nvol))
igall Hevael
else
call mcswap
endif
call sample
enddo
end

Gibbs ensemble simulation

perform ncycl MC cycles

attempt to displace a particle
attempt to change the volume
attempt to swap a particle

sample averages




Algorithm 18 (Attempt to Change the Volume in the Gibbs Ensemble)

SUBROUTINE mcvol attempt to change
the volume
call toterg(boxl,enlo) energy old conf. box 1
call toterg(box2,en2o0) and 2 (box1: box length)
vol=boxl**3 old volume box 1 and 2
vo2=v-vol
lnvn=log (vol/veol2) + randomwalk in In'V,/V3
+ (ranf () -0.5) *vmax

vin=v*exp(lnvn)/ (l+exp (1lnvn) ) new volume box 1 and 2
vl i=v—y 11l
boxln=vln**(1/3) new box length box 1
box2n=v2n** (1/3) new box length box 2
do i=1,npart

if (ibox (i) .eg.l) then determine which box

fact=boxln/boxlo
else
fact=box2n/box20

el £

(i)=%11i] *Ffaect rescale positions
enddo
call toterg(boxln,enln) total energy box 1
call toterg(box2n,en2n) total energy box 2
argl=-beta*{{(enln-enlo)+
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boxln=vlin** (1/3)
box2n=v2n** (1/3)
dao 1=1,;npart
if {(ibaoxii) .eqg.l) then
fact=boxln/boxlo
else
fact=box2n/box20
endif
x{l)=xlii~fact
enddo
call totergiboxln,enln)
call totérgf{boxln,enin)
(

argl=-beta*((enln-enlo)+

(npbex (1)+1) * lagtvilnivle) /[ beta)

argZ2=-beta*{ (enZn-an2o) +

(npbox(2) +1) *lag(v2n/vl2o) /beta)

if f(ranf().gt.exp(argltargz))

do i=1,npart

if {ibexi{i) .edq.) then

fact=boxlo/boxln
else
fact=box2o0/box2n
endif
x(1)=x{i)*ftact
enddo
endif
return
end

then

new box length box 1
new box length box 2

determine which box

rescale positions

total energy box 1
total energy box 2

appropriate weight function
acceptance rule (8.3.3)

REJECTED
determine which box

restore old configuration




Algorithm 19 (Attempt to Swap a Particle between the Two Boxes)

SUBROUTINE mcswap

it #ranlf4) . Ts0.5) Then
=1
out==2
else
=7
eukt=1
endif
xn=ranf () *box (in)
call mner {zn,enn,in)
w(in)=w(in)tvol (in) *

+ exp (—beta*enn) / (npbox (in) +1)
if (npbox{out) .eq.0) return
ido=0
do while (ido.ne.out)

o=int (npart*ranf()) +1
ido=ibox {0)
enddo
call ener{x(o),eno,out)
arg=exp (-beta* (enn-eno +
+ log{vel (6lt)* (hpbox {in) +1) /
+ (¥l (ifi)*npboxiout) ) )/ betd]) )

attempts to swap a particle
between the two boxes
which box to add or remove

new particle at a random position
energy new particle in box in
update chemical potential (8.3.5)

if box empty return
find a particle to be removed

energy particle o in box out

acceptance rule (8.3.4)
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=7
eukt=1
endif
xn=ranf () *box (in)
call mner {zn,enn,in)
w(in)=w(in)tvol (in) *
exp (—-beta*enn) / (npbox (in) +1)

if (npbox{out) .eq.0) return
ido=0
do while (ido.ne.out)
o=int (npart*ranf()) +1
ido=ibox {0)
enddo

call ener{x(o),eno,out)
arg=exp (-beta* (enn-eno +
log (val {aut) * (hpbox (in) +1) /
(vol (in) *npbox (out) ) ) /beta) )
if {ranf() .lt.arg} then
x{0) =xn
ibox {o)=1in
nbox (out) =npbox (out) -1
nbox (in)=npbox (in) +1
endif
return
end

new particle at a random position
energy new particle in box in
update chemical potential (8.3.5)

if box empty return
find a particle to be removed

energy particle o in box out

acceptance rule (8.3.4)

add new particle to box in
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Analyzing the results (1)
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Analyzing the results (2)

0.0 02 04 06 08 1.0
x=ni/N

Well below T, Approaching T,



Analyzing the results (3)

A
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Well below T, Approaching T,



Condition for phase coexistence in a one-component system:

H1 — 12



Phase equilibria from F(V,T)

Common tangent construction

= liquid Equal tangents

oF
p=-_
{50,
. G = F_%a_F}
/ aV nT
gas

Connecting line: equal G

V



With normal Monte Carlo simulations, we cannot compute
“thermal’ quantities, such as S, F and G, because they depend on
the total volume of accessible phase space.

For example: F = —ET In Q » e

S
and /\/g&T»;% ;E\ D N
- ams

~ -~ —

Q =

/\3NN|/dr exp|— Z/{(rN)/kBT]



F cannot be computed with importance sampling

<A>NVT QN1VT AN der A( )exp[—,BU(rN)]
= [ar" Al P(r) jd}dfgrp(zz(
_ .'drNA(rN)Cexp[—,BU(rN)] _ jdr
jdrNCexp[—ﬁU(rN)] _[drN exp[—,BU(rN)]
Generate configuration using MC: j )
1M dr™ Alr™ P (r™
{rN rN rN rN r,\';'} :ﬁzll ( ) - J.drNPMC(rN)
" o i)
jdrNCMC exp|l- pUlr®
PHe(r )= C"® expl- pu (™) _ jdrNA(rN)exp[—,BU(rN)]

fdrN exp[— pu(r" )]



Solutions:
1. “normal” thermodynamic integration
2. “artificial” thermodynamic integration

3. “particle-insertion” method



How are free energies measured experimentally?

8F 10.0-
— = P 8.0 |
oV ol
8F/T )
o1/T

0.0
00 02 04 06 038 1.0

P

F(V) = F(Vo)+ [, (~P)dv



Then take the limit V, = .

Not so convenient because of divergences.
Better:

F*(V) = F(V) — Fig.gas(V)

v
= F“*'(Vp) + (—P“")dV

N

= 0,as Vy=>




This approach works if we can integrate from a known
reference state - Ideal gas (“T=""), Harmonic crystal
(‘IT:O11),

Otherwise: use “artificial” thermodynamic
Integration (Kirkwood)

Suppose we know F(N,V,T) for a system with a
simple potential energy function U,: Fy(N,V,T).

We wish to know F;(N,V,T) for a system with a
potential energy function U,.



Consider a system with a mixed potential
energy function (1-A)Uy,+ A U,: F,(N,V,T).

F\(N,V,T) = const—kTIn/drN exp(—B(AU1+(1—N\)Up)

hence
OF\(N,V,T)  [drV(Uy — Up) exp(—B(AU1 + (1 — A\)Up)
O\ - [drN exp(—p(\U1 + (1 — XN)Up)
Or:
OF\(N,V,T)
= (U1 — U,
1 (U1 — Ug)

And therefore .
Fi(N,V.T) = Fo(N.V,T) + | (U1 = Ug)yd



Free Enegy of Solids

More difficult. What is reference?
Not the ideal gas.

Instead it is the Einstein crystal: harmonic oscillators around r,

U(/l: r )= 1-AU (I'N )+ AU (I[‘]N)-I- /1% o(r—r)°

=1
F — Fc:-jn + j. dj’<a[-]@)>
A=0 oA A

F=F, + Tdﬂ<— U (I“N )+ U (}“DN )+ i(ﬁl’(f} — 1) 2>
4=0 =1

A



Example: Hard Sphere Freezing

— Solid free
energy from

liquid free Einstein crystal

energy from
|ldeal gas

Equal pu,P,T




1. Nematic liquid crystal:

Start from isotropic phase. Switch on “magnetic field

and integrate around the I-N critical point
o —»

| I

| ' 4

| I

| | field
isotropic ! i nematic

density

2. Modulated Phases (microphases):

Start from an oscillating field at the modulation of
Interest. Switch off the “magnetic field” while turning
on the interaction.



The second derivative is ALWAYS negative:

8°F
<W> NVT\ = <<(U1 - UO)2>NVT>\ —{(U1 - UO)>]2VVT>\) <0

Therefore:
B (5
ON/ NVTA=0 ~ \OA

Good test of simulation
results...

)NVT)\

F(0)

F(3)

F(1)



Tracing Coexistence Curves

If we have a coexistence point on the phase diagram we can
Integrate along the line while maintaining coexistence.

P en T are equal along P
coexistence line

dP

Afte = djig

—F

dT



Tracing Coexistence Curves

du = dg = —sdIl' + vdP
—SqdIl' 4+ vodp = —spdT 4 vad P

Clapeyron equation | — = — =




Chemical Potentials



Particle insertion method to compute
chemical potentials

_(8F>
"= \onN V,T

But N 1s not a continuous variable.
Therefore

N F(N—I—l,V,T)—F(N,V,T)
””( (N+1)-N )




QN +1,V.T)

FIN+LV.T)=F(N,V.T) = —kT In =55

Does that help?

Yes: rewrite

1
Q(N,V,T) = N|A3N/drN exp(—AU (™)

N'/\3N/ds exp(—BU (Y L)

s IS a scaled coordinate: 0<s<1

r=_Ls (Is box size)



QN +1,V,T)
Q(N,V,T)

V [dsNTlexp(—pU(sV+1)
(N 4+ A3 [dsN exp(—=pU(N)

Now write

UGN T =U6™) + AUGsy41:s™)
then
QN +1,V,T)
Q(N,V,T)

v
(N 4+ 1)A3

/dSN_|_1<eXD(—5AU(SN—I—1; SN)>



And therefore

. (F(N + 1,V,T) — F(N, V,T))

(N -+ 1) — N
uw= —kT'In ((N +V1)A3 fdsN+1(exD(—ﬁAU(SN+1,SN)>)
but

B V _ 3\ .. id.gas
kT In ((N n 1)/\3) = kT In(pN\°) = u



So, finally, we get:

= u’id.gaS_len (/ dSN—|—1<eXp(_6AU(SN—|—1JSN))) — Hid.gas_l_uex

Interpretation:

1. Evaluate AU for a random insertion of a
molecule in a system containing N molecule.

2. Compute exp(—BAU)

3. Repeat M times and compute the average
“Boltzmann factor” (exp(—BAU))

4. Then p“* = —kT In{exp(—BAU))



Algorithm 16 (Widom Test Particle Insertion)

subroutine Widom excess chemical potential
via the addition of test particles

xtest=box*ranf () generate a random position

call ener{xtest,entest) determine energy

wtest=wtest update Boltzmann factor in (7.2.5)
+ texp (-beta*entest)

return

end




Lennard-Jones fluid

| ! | ! |

equation of state

O Grand canonical
® Test particle




Other ensembles: NPT

kln-l-l r\:lﬂlﬂﬁ 'FIFI\I\ oVl 'aVaVl da AW

NVT- AlrmAlhAltiS Fran AnAvens

/7 N\
Y He)

NVT:

1=
ool Pu= Bln(p)- In<jdsN+l exp[— SAU +]>NVT
pu=" N+1-N QIN)
R
NPT:
[PV

Lu = In(A3,BP)— In< N

PH =TT dvV " exp(~ AVP)| ds" exp[- AU (" ;L)

j ds,.. exp(— pAU " )>

PPV
N +1

Bu = In(A3ﬂP)— In<

j ds,. exp(— PAU " )> M)J

—ﬂAU+)]




Hard spheres
Lu™ =— In(_[dsm1 <exp[— SAU +]>NVT)

o <o

O r > EETETEED
Y
I
SR

FETETEE
CIETEREREET)
EEESEREIEE
REESEIAED

Ea

AERTEEEE

. |0 1foverlap
<exp[— pau ]> B {1 no overlap

Probability to insert a test particle!



Problems with Widom method:

Low insertion probability yields poor statistics.

For instance:

Trial insertions that consist of a sequence of
Intermediate steps.

Examples: changing polymer conformations,
moving groups of atoms, ...




What is the problem with polymer simulations?
ACCEPTANCE OF RANDOM INSERTION DEPENDS ON SIZE

PN
o o o



What is the problem with polymer simulations?
ACCEPTANCE-OFRANDOM WMSERHON DEPENDS ON SIZE

v \




ANALOGY:

Finding a seat in a crowded restaurant.




/Waiter! Can you seat 100

persons... together

Next: consider the random insert
please!

molecule (polymer).

r.. F -JI

T

Random insertions of polymers in dense
liquids usually fail completely...




(Partial) Solution: Biased insertion.

Thijs Vlugt’s lecture later this week...



Interpretation:

1. Evaluate AU for a random REMOVAL of a
molecule in a system containing N+1 molecule.

+BAU)

d compute the ave

T In{exp(+BAU))



What is wrong?

exp(+BAU) isnotbounded. The average that
we compute can be dominated by

INFINITE contributions from
points that are NEVER sampled.

What to do?

Consider:

po(AU) = Jexp(—=BUN)I(AU — Uny1 +Up)

J exp(—=pUN)
_ Jexp(=BUN)I(AU —Un41 + Un)

QN



And also consider the distribution

Jexp(—=BUN41)6(AU — Ungq1 + Un)

PI{AU) = Jexp(=BUn+1)

P, and p, are related:

D1 (AU) = Jexp(=B(Un + AU))(AU —Uyn41 + Uy)

QN+1

_ exp(—BAU)f exp(—LUN)I(AU —Uny1 + Uy)

QN+
po(AU)Q N

— _BAU
exp(—BAU) On i1




In p, (AU )= B(AF — AU )+ In p, (AU )
f,(AU)=Inp,(AU)-0.55AU
f,(AU)=In p,(AU )+0.58AU

TR
f) (AU ) = C]

f,(AU)=C, +aAU +bAU* + cAU°

BAF =C, -C,



f(AU)

Chemical potential
System 0: N-1,V, T, U+ 1idealgas System1:N,V, T, U

ABF = fF, - BF, = Bu™ AU =U, -U,
System O: test particle energy System 1: real particle energy
pu = 1,(AU)- f,(AU)
oF T l ] 15 - . - . - .
__V“W- 'uhﬁﬂbwh%L___ 5 f~Wf“VHfJ_ -
5+ — f . — f

-~ = °
— 1, D L . i
——— Widom 7 g, S
10 | If - o
! ’1\,_4',“\‘ )
15 ! I . I . 1 . | s 25 s | ) I ! | .
-15 -10 -5 0 ) 10 -20 -10 0 10 20



Does it work for hard
spheres?

consider AU=0

f1(0) = fo(0) + Bu

f1(0) =1In(1) 4 (constant)
fo(0) = In(Pacc) + (constant)

Bu = — In(Pa,cc)



Non-BoItzmann sampling
(A, == dr A Jexpl- AU ()

QNVT ASNNI
dr" A( )exp[—

)exp[ y
plapA

(Aexpl(8,~ A ]
B <9Xp[(182 - ﬁl)J ]> NVT, 68




69

(3)d



Umbrella Sampling

e Start with thermodynamic perturbation.

[ ds™ exp(—BUﬂ)

[ ds™ exp(—BUp)

deN exp(—BUy) eXp(ﬁAU))
[ ds™ exp(—AUo)

exp (—ALE) = {exp (—BAU)),

ABF: —ln(Ql/Qo) — —111(

exp (—ABF) = (

Can we use this for free energy difference between arbitrary
systems?



P(A V)

System 1

System O

71



Bridging Function

Introduce function 7(sN) altering distribution.

- B [ ds™ 7( )eXP(_BUl)/W(SN)
exp (—ABF) = (J" dsN7(sNV) exp(— BUO)/W(SN))

<eXp(_BU1)/7T>7T
(exp(—BUo)/T)x

This approach is called umbrella sampling

exp (—ABF) =




P(A V)

System 1

System O

73



Landau Free Energy

Often the free energy is needed as a function of a certain order parameter

1
BF = —1In N / dr exp(—BU (r™))

BF(@) = ~In oy [ A6 (V) @) exp(~BU ()

BF(q) = —In P(q)




Umbrella Sampling

Add and subtract bias potential w(q) to U
Plg) = JdeNo (¢ (x7) — q) exp [-BUEY) +w(q) — w(d))]
JdeN exp [=B(U (N + w(q") — w(q'))]
Jdeo (¢'(x") — g) exp [-B(U (") +w(q'))] exp (Bw(q"))

Pla) = J drN exp [-B(U(rN +w(q'))) exp (Bw(q')]
B <5 (q’(I‘N) — (]) eXp (Bw(q/))>biased

P(Q) o <6Xp (Bw(q,)»biased

P(q) oxp (fulg)) Phiased(q)

~ {exp (Bw(@))) paced

BF(q) = —In P(q) = — In Ppiased(q) — Pw(q) + const



Umbrella Sampling

BF(q) = —In P(q) = —In Pyjased(q) — Bw(q) + const

Best choice w(q)=-F(q)

Means P, .4 = COnstant: entire g-range is equally sampled.

Usually w(q) is difficult to guess: windows



Umbrella Sampling

Different windows have different potential w;(Q)

Boltzmann : exp[-5 (U + w(q))]

-

q
ﬁF(Q) = —In Pbia,sed(Q) — Bw(Q) + const



Reconstructing the Free Energy

///:::;\\

N

F




AG(R)

Crystal Nucleation

AG(nVkT

40

30 -

20+

10

¢ = 0.5207

¢ =0.5343

v~ 0.6 — 0.7

100 200 300
Cluster size, n

Auer and Frenkel (2002)



2D Local and Global Packing

Perfect Hexagon



3D Global vs. Local Packing

FCC Unit Cell Perfect Icosahedron

Spaepen (2000)



4D Local and Global Packing

24-cell (24 vertices)

Musin (2003)



4D Hard Sphere Phase Diagram

30
25
20
~
AL
R
10 |
51 Fluid O
D4 crystal O
A4 crystal A
0 1 d i i i
0 0.1 0.2 0.3 0.4 0.5
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Nucleation Barrier
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