
Advanced Monte Carlo
different ensembles
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Recall
• NVT simulations

– Detailed balance
– Generate a Boltzmann distribution

• Non-Boltzmann sampling
– Recover correct sampling from a non-

Boltzmann distribution
• Biased Monte Carlo

– Bias the sampling
– Remove the bias by changing the

acceptance rule
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Non-Boltzmann sampling
A NVT1

=
1

QNVT1

1
!3NN !

drN" A rN( )exp #$1U rN( )%& '(

=
drNA rN( )! exp "#1U rN( )$% &'
drN exp "#1U rN( )$% &'!

=
drNA rN( )! exp "#1U rN( )$% &'exp #2U rN( ) " #2U rN( )$% &'
drN exp "#1U rN( )$% &'! exp #2U rN( ) " #2U rN( )$% &'

=
drNA rN( )! exp "2U rN( ) # "1U rN( )$% &'exp #"2U rN( )$% &'
drN! exp "2U rN( ) # "1U rN( )$% &'exp #"2U rN( )$% &'

=
Aexp !2 " !1( )U#$ %& NVT2

exp !2 " !1( )U#$ %& NVT2

We perform a simulation at T=T2
and

we determine A at T=T1

T1 is arbitrary!

We only need
a single

simulation!

Why are we not using this?



4

T1

T2

T5

T3

T4

E

P(
E)

Overlap becomes very small
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How to do parallel Monte Carlo

• Is it possible to do Monte Carlo in
parallel
– Monte Carlo is sequential!
– We first have to know the fait of the current

move before we can continue!
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P n( ) = exp !" Un( )#$ %&
exp !" U j( )#

$
%
&j=1

g'

Parallel 
Monte Carlo 
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  K(o! n) = N (o) "#(o! n) " acc(o! n)

  

!(o" n) =
exp #$ Un( )%& '(

exp #$ U j( )%
&

'
(j=1

g)

  

!(n" o) =
exp #$ Uo( )%& '(

exp #$ U j( )%
&

'
(j=1

g)

  
!(o" n) =

exp #$ Un( )%& '(
W n( )

  
!(n" o) =

exp #$ Uo( )%& '(
W o( )
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acc(o! n)
acc(n! o)

= N (n) "#(n! o)
N (o) "#(o! n)

( )
( )

exp
( ) n

n

U
o n

W

!
"

# $%& '( =
( )

( )
exp

( ) o

o

U
n o

W

!
"

# $%& '( =

  

acc(o! n)
acc(n! o)

=
N (n) "

exp #$ Uo( )%& '(
W o( )

N (o) "
exp #$ Un( )%& '(

W n( )

= W (n)
W (o)
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Modified acceptance rule

Modified acceptance rule remove the bias exactly!
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Ensembles

• Micro-canonical ensemble: E,V,N
• Canonical ensemble: T,V,N
• Constant pressure ensemble: T,P,N
• Grand-canonical ensemble: T,V,µ
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Canonical ensemble
Consider a small system that can exchange heat with a big reservoir

iE iE E!

   
ln! E " Ei( ) = ln! E( ) " # ln!

#E
Ei +L

  
ln
! E " Ei( )
! E( ) = "

Ei

kBT

1/kBT

Hence, the probability to find Ei:

  

P Ei( ) = ! E " Ei( )
! E " E j( )j#

=
exp "Ei kBT( )

exp "E j kBT( )j#

  
P Ei( )! exp "Ei kBT( )

Boltzmann distribution
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Statistical Thermodynamics

!F = " ln QNVT( )

A NVT =
1

QNVT

1
!3NN !

drN" A rN( )exp #$U rN( )%& '(

QNVT =
1

!3NN !
drN" exp #$U rN( )%& '(

Partition function

Ensemble average

Free energy

  
N r N( ) = 1

QNVT

1
!3N N !

dr'N" # r'N $ r N( )exp $%U r'N( )&
'

(
) * exp $%U r N( )&

'
(
)

Probability to find a particular configuration
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Detailed balance

  

acc(o ! n)
acc(n! o)

= N (n) "#(n! o)
N (o) "#(o! n)

= N (n)
N (o)

  K(o! n) = K(n! o)

  K(o! n) = N (o) "#(o! n) " acc(o! n)

o n

  K(n! o) = N (n) "#(n! o) " acc(n! o)
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NVT-ensemble

  

acc(o! n)
acc(n! o)

= N (n)
N (o)

  
N (n) ! exp "#U n( )$% &'

  

acc(o! n)
acc(n! o)

= exp "# U n( ) "U o( )$% &'$
%

&
'
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Example (1):
 vapour-liquid equilibrium mixture

Measure the composition of
the coexisting vapour and
liquid phases if we start with
a homogeneous liquid of two
different compositions:
– Mimic this with the N,V,T

ensemble?
– Or simulate at constant

pressure?composition

T

L

V
L+V
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Constant pressure simulations:
N,P,T ensemble

Consider a small system that can exchange
volume and energy  with a big reservoir

( ) ( ),
ln lnln ln ,i i i i

V E

V V E E V E E V
E V

! " ! "# $ # $" % % = " % % +& ' & '! !( ) ( )
L

( )
( )
,

ln
,
i i i i

B B

E E V V E pV
E V k T k T

! " "
= " "

!

1/kBT

Hence, the probability to find Ei,Vi:

( ) ( )
( )

( )
( )

( )
, ,

exp,
,

, exp

exp

i ii i
i i

j k j kj k j k

i i

E pVE E V V
P E V

E E V V E pV

E pV

!

!

!

" #$ +% $ $ & '= =
" #% $ $ $ +& '

" #( $ +& '

) )

,i iV E ,i
i

E E
V V
!
!

p/kBT
Thermo recall (4)

d d d + di ii
E T S p V Nµ= ! "

First law of thermodynamics

Hence

,T N

S p
V T
!" # =$ %!& '

,

1 =
V N

S
T E

!" #
$ %!& '

and
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NPT Ensemble
Partition function:

  
QNPT = !P

N !"3N dV exp #!PV$% &'V
N dsN( exp #!U sN ; L( )$

%
&
'(

Probability to find a particular configuration:

   
N NPT V ,sN( )!V N exp "#PV$% &'exp "#U sN ; L( )$

%
&
'

Sample a particular configuration:
• Change of volume 
• Change of reduced coordinates

Acceptance rules ??

  
QNPT = !P

N !"3N dV exp #!PV$% &' dr N( exp #!U r N( )$
%

&
'(

Scaled coordinates  sx = rx Lx
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Detailed balance

  

acc(o ! n)
acc(n! o)

= N (n) "#(n! o)
N (o) "#(o! n)

= N (n)
N (o)

  K(o! n) = K(n! o)

  K(o! n) = N (o) "#(o! n) " acc(o! n)

o n

  K(n! o) = N (n) "#(n! o) " acc(n! o)
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NPT-ensemble

  

acc(o! n)
acc(n! o)

= N (n)
N (o)

   
N NPT V ,sN( )!V N exp "#PV$% &'exp "#U sN ; L( )$

%
&
'

Suppose we change the position of a randomly selected particle

[ ] ( )
[ ] ( )

N
n

N
o

exp exp s ;acc( )
acc( ) exp exp s ;

N

N

V PV U Lo n
n o V PV U L

! !

! !

" #$ $% & '=
% " #$ $& '

  

=
exp !"U sn

N ; L( )#
$

%
&

exp !"U so
N ; L( )#

$
%
&
= exp !" U n( ) !U o( )#$ %&{ }
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NPT-ensemble

  

acc(o! n)
acc(n! o)

= N (n)
N (o)

   
N NPT V ,sN( )!V N exp "#PV$% &'exp "#U sN ; L( )$

%
&
'

Suppose we change the volume of the system

  

acc(o! n)
acc(n! o)

=
Vn

N exp "#PVn
$% &'exp "#U sN ; Ln( )$

%
&
'

Vo
N exp "#PVo

$% &'exp "#U sN ; Lo( )$
%

&
'

  
=

Vn

Vo

!

"#
$

%&

N

exp '(P Vn 'Vo( ))* +,exp '( U n( ) 'U 0( ))* +,{ }
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Algorithm: NPT

• Randomly change the position of a
particle

• Randomly change the volume
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NPT simulations
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Grand-canonical ensemble

What are the equilibrium conditions?
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Grand-canonical ensemble

We impose:
– Temperature
– Chemical

potential
– Volume

– But NOT pressure

We impose:
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Grand-canonical simulations:
µ,V,T ensemble

Consider a small system that can exchange
particles and energy with a big reservoir

( ) ( ),
lnlnln ln ,i i i i

N E

N N E E N E E N
E N

! "! " # $# $" % % = " % % +& ' & '! !( ) ( )
L

( )
( )
,

ln
,
i i i i i

B B

E E N N E N
E N k T k T

µ! " "
= " +

!

1/kBT

Hence, the probability to find Ei,Ni:

( ) ( )
( )

( )
( )

( )
, ,

exp,
,

, exp

exp

i i ii i
i i

j k j k kj k j k

i i i

E NE E N N
P E N

E E N N E N

E N

! µ

! µ

! µ

" #$ $% $ $ & '= =
" #% $ $ $ $& '

" #( $ $& '

) )

,i iN E ,i
i

E E
N N
!
!

-µ/kBT
Thermo recall (5)

d d d + di ii
E T S p V Nµ= ! "

First law of thermodynamics

Hence

,

i

i T V

S
N T

µ! "# = $% &#' (

,

1 =
V N

S
T E

!" #
$ %!& '

and
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MuVT Ensemble
Partition function:

Probability to find a particular configuration:

   
NµVT N ,sN( )! exp "µN( )V N

#3N N !
exp $"U sN ; L( )%

&
'
(

Sample a particular configuration:
• Change of the number of particles
• Change of reduced coordinates

Acceptance rules ??

Detailed balance

( ) ( )3
0

exp
ds exp s ;

!

NN
N N

VT N
N

N V
Q U L

Nµ

!µ
!

="

=

# $= %& '() *
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Detailed balance

  

acc(o ! n)
acc(n! o)

= N (n) "#(n! o)
N (o) "#(o! n)

= N (n)
N (o)

  K(o! n) = K(n! o)

  K(o! n) = N (o) "#(o! n) " acc(o! n)

o n

  K(n! o) = N (n) "#(n! o) " acc(n! o)
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µVT-ensemble

acc( ) ( )
acc( ) ( )

o n N n
n o N o
! =
!

Suppose we change the position of a randomly selected particle

( ) ( )
( ) ( )

N
n3

N
o3

exp
exp s ;acc( ) !

expacc( )
exp s ;

!

N

N

N

N

N V
U Lo n N

N Vn o
U L

N

!µ
!

!µ
!

" #$% &' (=
' " #$% &(

( ) ( ){ }exp 0U n U! " #= $ $% &

   
NµVT N ,sN( )! exp "µN( )V N

#3N N !
exp $"U sN ; L( )%

&
'
(
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µVT-ensemble

acc( ) ( )
acc( ) ( )

o n N n
n o N o
! =
!

Suppose we change the number of particles of the system
( )( )
( ) ( )

( ) ( )

1
N+1

3 3

N
3

exp 1
exp s ;

1 !acc( )
expacc( )

exp s ;
!

N

nN

N

oN

N V
U L

No n
N Vn o

U L
N

!µ
!

!µ
!

+

+

+ " #$% &' +( =
( " #$% &'

   
NµVT N ,sN( )! exp "µN( )V N

#3N N !
exp $"U sN ; L( )%

&
'
(

( )
( ) [ ]3

exp
exp

1
V

U
N
!µ

!= " #
$ +
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Application: equation of state of
Lennard-Jones
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Application: adsorption in zeolites
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Exotic ensembles
What to do with a biological membrane?
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Model membrane: Lipid
bilayer

hydrophilic head group

two hydrophobic tails

water

water
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Questions

• What is the surface tension of this
system?

• What is the surface tension of a
biological membrane?

• What to do about this?
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Phase diagram: alcohol
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Constant surface tension simulations:
γ,V,T ensemble

Consider a small system that can exchange
area and energy with a big reservoir

   
ln! E " Ei, A" Ai( ) = ln! E, A( ) " # ln!

#E
$
%&

'
() A

Ei "
# ln!
#A

$
%&

'
() E

Ai +L

  Ai , Ei

  

E ! Ei ,
A! Ai

1/kBT ???
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E,V,A

First law of thermodynamic

dE = dq + dw

Conservation of energy: 

heat work

dq=TdS

dw=-pdV + ! dA

γ is the interfacial tension
of the system 

dE = TdS + ! dA

 

!S
!A

"
#$

%
&' E

= ( )
T
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Constant surface tension simulations:
γ,V,T ensemble

Consider a small system that can exchange
area and energy with a big reservoir

   
ln! E " Ei, A" Ai( ) = ln! E, A( ) " # ln!

#E
$
%&

'
() A

Ei "
# ln!
#A

$
%&

'
() E

Ai +L

  

! ln"
!A

#
$%

&
'( N

=
!S kB

!A
#
$%

&
'( N

= ) *
kBT

  Ai , Ei

  

E ! Ei ,
A! Ai

  
ln
! E " Ei , A" Ai( )

! E, A( ) = "
Ei

kBT
+
# Ai

kBT

1/kBT

  

P Ei , Ai( ) = ! E " Ei , A" Ai( )
! E " E j , A" Ak( )j ,k#

=
exp "$ Ei " % Ai( )&' ()

exp "$ E j " % Ak( )&
'

(
)j ,k#

* exp "$ Ei " % Ai( )&' ()
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Simulations at imposed surface tension

• Simulation to a constant surface tension
– Simulation box: allow the area of the

bilayer to change in such a way that the
volume is constant.
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Detailed balance

  

acc(o ! n)
acc(n! o)

= N (n) "#(n! o)
N (o) "#(o! n)

= N (n)
N (o)

  K(o! n) = K(n! o)

  K(o! n) = N (o) "#(o! n) " acc(o! n)

o n

  K(n! o) = N (n) "#(n! o) " acc(n! o)
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γVT-ensemble

  

acc(o! n)
acc(n! o)

= N (n)
N (o)

Suppose we change:

  

acc(o! n)
acc(n! o)

=
exp "# U sn

N ; Ln( ) " $ An
%
&

'
(

%
&

'
(

exp "# U so
N ; Lo( ) " $ Ao

%
&

'
(

%
&

'
(

  
= exp !" U n( ) !U o( )#$ %& ! "' An ! Ao( ){ }

   
N!VT A,sN( )" exp #$ U sN ; L( ) # ! A%

&
'
(

%
&

'
(

 

Lo ! Ln

Ao ! An

"
#
$

%$
Vo =Vn
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 γ(Ao) =  -0.3 +/- 0.6

γ(Ao) = 2.5 +/-  0.3

γ(Ao) = 2.9 +/-  0.3

Tensionless state: γ = 0

) =  -0.3 +/- 0.6
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