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Phase behavior

« Simulations are good for predicting phase behavior

— Prediction of thermodynamic stability of phases,
— Coexistence lines

— Critical points

— Triple points

— First order/second order phase transitions



Pressure, p

Phase diagrams

Critical
point

(b) (c)

B 1

Temperature, T

Critical point: no difference between liquid and vapor
Triple point: liquid, vapor and solid in equilibrium.

How do we compute these lines?



Phase diagram

Along the liquid gas coexistence line increasing the pressure and temperature
at constant volume the liquid density becomes lower and the vapor density
higher.
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To determine the phase diagram of a given system we need to know the
coexistence densities at given temperature (and pressure).

Easy in experiment, but what about simualtions?



Phase equilibrium

Identical
chemical

(GF) (GG) — I/ potential
=[S0 =(51] -G,
ON ),z \ON)p; /

Criterion for equilibrium (for single component)

Chemical potential \

If u, > wg transport of particles from phase a to phase f.

Stable phase: lowest chemical potential

For single component stable phase has lowest Gibbs free energy G=u



Relation between thermodynamic

potentials
F = U - TS
G = F + PV
Suppose we have F(n,V,T)
Then we can find G from F by realizing P = —(E)
v/ -

G=F - V(E)
v ).,

All thermodynamic quantities can be derived from F and its derivatives



Common tangent construction

« Phase equilibria follows from F(V,T)

F liquid Equal tangents
b (aF)
A
/ gas
Connecting line: equal n




Common tangent construction

oF

G=F - V(—)
V),
liquid

gas




Common tangent construction

G-F-v 2
V),

G

Both liquid and
vapor G equal
liquid and minimal

\Aas

\'

Only equilibrium when P,T is on coexistence line.



We need F or u

« So equilibrium from F(V) alone or from P and u

F(V)= F(V)+fvo(w) dV = F(V,) - [ PdV

P(P) :
-—dp
0

F(p)=F(p)+N [

« So in fact for only 1 point of the equation of state the F is needed

« For liquid e.o.s even from ideal gas

BE ()N = BF* (o) /N + [ PEL)P g

2

o



Equation of state

10.0
8.0
6.0 P =P(p,T)
4.0 (E) __p
2.0 WV /nr
0.0
P p P(p)

F(p)=F(p)+N [

Po p2 dp



Statistical Thermodynamics

Partition function
Owr = A3NN‘fdr exp[ ﬁU( )]

Ensemble average

1 1 N N N
(A) = 0 AN f dr A(r )exp[—ﬁU(r )]

Probability to find a particular configuration

P(rN ) = in A3]1VN! f dr' (S(r'N " )exp[—ﬁU (r‘N )] o exp[—ﬁU (rN )]

Free energy

ﬁF - _ln(QNVT) Problem: Q is in general inaccessible
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Widom test particle insertion
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Widom test particle insertion
[ ds™ exp:—[J’U(sN”;L)]
[ds" exp:—[J’U(sN;L)]

U(s"";L) = AU* + U(s";L)
[ds" [ds,. exp[—ﬁ(AU+ + U(SN;L))]\
\ [ds" exp[—ﬁU(sN;L)] )

_ln/fdsmfds {exp[ /J’AU ]} [ /J’U(SN;L)]]

\ f ds" e Ghost pa;zlcle' }
_ln[deN+1 <eXp[_ﬁAU ]>NVT

pu” =-In




Algorithm 16 (Widom Test Particle Insertion)

subroutine Widom excess chemical potential
via the addition of test particles

xtest=box*ranf () generate a random position

call ener (xtest,entest) determine energy

wtest=wtest update Boltzmann factor in (7.2.5)
+ texp (—beta*entest)

return

end




Hard spheres

pu” = _ln(deN” <eXp[_/3AU+:|>NVT)

U(r)={°° r<o

0O r>0o

e
'''''''''
-----

. 0 1if overlap
R s H

Probability to insert a test particle!



Lennard-Jones fluid

equation of state

O Grand canonical
® Test particle




Other ensembles: NPT

NVT: Helmholtz free energy NPT: Gibbs free energy
(GF) (GG)
= IN /)y ¢ o ON /p 1
[J’G——ln(QNPT) Owrr = A3NN'deVN exp(- VP fds exp[ [J’U(s L)]
BG(N +1) - BG(V) pu=-n 2V *1)
=N N T aw
1
NN (N +1)! deVN+1 exp(—/a’VP)fdsN+1 exp[—[J’U(sN”;L)]
pu=-In N N N
I Jdvv* exp(-pvP) [ ds" exp|-BU(s"L)]

p AV N! N
Bu=-| The volume fluctuates!
<ﬁPVfdleexp( BAU* )> <ﬁPV>gdleeXp( BAU* )

pu=In Jdvv" exp(-pvP) [ ds” exp|_—ﬁU (SN;L)]

3 PV .
Pu = ln(A /J’P) - ln<% fds Nai exp(—/J’AU )>

BAU")

xp(-AAU")




NVT:

pu = ﬁln ln<fdleeXp[ -BAU" ]>

NVT

NPT:

L A—

Bu=1n(A’P) - ln<




Phase equilibrium and hysteresis

pressure

density

solution : determine equilibrium from chemical potentials

ldea: can’t we compute the equilibrium directly ?



NVT Ensemble

fluid

Let's lower the temperature...



NVT Ensemble

gas

liquid

Problem:

The systems we study are usually small =
large fraction of all particles resides in/near interface.

leads to bad estimate of phase coexistence



Possible solution #1

larger systems:

particles % of part. in interface
1 000 49%

64 000 14%

1 million 6%

= we need huge systems = computationally expensive




Possible solution #2:
“uPT ”-Ensemble

If we could compute liquid“and gas in two separéte simulations at constant

u, Pand T

gas liquid

Problem: no_glch ensemble exists!
« u, P a#a T are intensive parameters
» g’Xtensive ones unbounded

We have to fix at least one extensive variable (such as N or V)



Possible solution #3:
The Gibbs ensemble

gas H ||C|U|d

achieve equilibrium
by coupling them

A. Z. Panagiotopoulos, 1987.
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Overall system: NVT ensemble

N=N;+N,
V=V, +V,
T,=T,
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« distribute N, particles
* change the volume V,
» displace the particles

partition function:

(‘2(}' (A‘Tﬂ " T) —



partition function:

N
2 1
Q (_:'Y ( J.;.\Tq ‘/V’r, 'T) : Y 8 { ,T NT NT NT

Distribute N, particles over two volumes:

N\ N!
N1/ Np!(N — Np)!



V-V, N-N;
° °

Vi, Ni

Q G (*’NT*. "’/: T)

N

2

N1=0

Integrate volume V,

partition function:

1

VASNN{I(N — Np!)

v
/ dv; ‘1\ 1y — vp)N-M1
0



" | partition function:
N 1 N N—N
QG (*’NT*. ‘* T> - \’Z V /\31\‘T A/T '(‘\T = ;NT ') / i ‘1 ‘1 1 (‘ B ‘1 ).‘ i
o

/ds exp —ﬂ (s\l) /d 55 \1exp {— BU (sz \1)}

Displace the particles in box1 and box2



partition function:

N
. 1
Q(f'(*'NT? Va T) — Z Vi
= INN Vi

/ dslexp {_,.:'13(_,7(-5'11\’71)} / dsy ex [_-"1'3(-"’T(5§_1\71ﬂ

V

scaled coordinates in [0,1)



V-V, N-

partition function:

N
: 1

Q(}(*\T* Ve T) — - .
\230 VASNN{I(N — \..1!),
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probability distribution:
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3 different kinds of trial moves:
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Particle displacement




Acceptance rules

;\ \1) ‘ (‘ o3 )\ \1
XX

Vs ) S e e )

Detailed Balance:

K(o—n)=K((n — o)
N (o) x a(o— n) x acc(o — n) = N(n) x a(n — 0) x acc(n — o)

acc(o—n) N(n)x a(n— o)
acc(n — o)  N(0) x a(o— n)

acc(o—n) N(n)
aCC (n — 0) o _,:‘\.f"‘( 0)




Displacement of a particle in box1

N-N
Vot 3« ST e s )

v Ny (" I Vs ).N —N N e—
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acc(o—n)
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Displacement of a particle in box1

AR LA D B N
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acc(o — n) _ exp {—BU1(n)}
acc(n — o) exp{—-pUi(0)}




Volume change

| VALV = V) N-M
Ny, Vi, 50 L 50 )
Vi Rathe ™ s Sy

Vit =V + AV NeYell

,\'1(‘ &= - '),\'—,\'1
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Volume change

More efficient: random walk in In [V./(V-V,)]

QN.VT) = o 5 ( v )
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NSNLNI = o\ N
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Moving a particle from box1 to box2

N N
V- \1) ViV =) N

Af(ﬁﬁ,bﬁws 87 exp{—13[U(3¥i)+-(( 3 \1ﬂ}

N{{(N - Ny)!
O OO ' \O
O 00
acceptance rule: O
O, O

\l l(‘ __ T )\ —(N1—-1)

o (”)Xm-l)'(\ — (N1 — D)

exp{—8[U1(n) + Us(n)]}

r.-'\“. - - N_N
vN(V - 1)N-M
N1!(N — Np)!

N (0) exp{—3[Uy1(0) + Us(0)]}

V. N1 l(‘ )‘\'—(.\'1 1) - ] ) _

ACC(n — o o ‘“\‘1 Vo NNy - ] ] |
(n — o) 1;\{!(;\?_1;%1)! exp {—3[U1(0) + Uz(0)]}




Moving a particle from box1 to box2
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Moving a particle from box1 to box2

acc(o—n)  Ni(V-vy) exp{-8U(H)}

acc(n—o0) ~ (N =N1+1DVi exp {-pU(s)) ]



Algorithm 17 (Basic Gibbs Ensemble Simulation)

PROGRAM mc_Gibbs Gibbs ensemble simulation

do iewvel=l,ncyel perform ncycl MC cycles
ran=ranf () * (npart+nvol+nswap) detailed balance!!!
if (ran.le.npart) then

call mcmove attempt to displace a particle
else if (ran.le. (npart+nvol))

gall mevel attempt to change the volume
else

call mcswap attempt to swap a particle
endif
call sample sample averages

enddo

end




Algorithm 18 (Attempt to Change the Volume in the Gibbs Ensemble)

SUBROUTINE mcvol

call toterg(boxl,enlo)
call toterg(box2,en2o)
vol=box]**3
vo2=v-vol
lnvn=log (vol/vol2) +
(ranf () —0.5) *vmax
vin=v*exp (lnvn)/ (l+exp (1lnvn))
vZh=v—-wln
boxln=vlin** (1/3)
box2n=v2n*¥* (1/3)
do i=1,npart
if (ibox (i) .eqg.l1l) then
fact=boxln/boxlo
else
fact=box2n/box20
endif
X(l)=xii)*fdct
enddo
call toterg(boxln,enln)
call toterg(box2n,en2n)
argl=-beta*((enln-enlo)+
+ {(npbox(l)+1l) *log(vlin/vlo) /beta)

Py - X g

attempt to change

the volume

energy old conf. box 1
and 2 (box1: box length)
old volume box 1 and 2
randomwalk in InV,/V>2
hew volume box 1 and 2

new box length box 1
new box length box 2

determine which box

rescale positions

total energy box 1
total energy box 2

appropriate weight function

R AT ORIy R ENC ROl S e DICL] AN & | YR MR | L Y
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vin=v*exp (lnvn)/ (l+exp (1lnvn) )
vZ2n=v-vln
boxln=vln** (1l/3)
box2n=v2n** (1/3)
do i=l,npart
if (ibox (i) .eqg.l) then
fact=boxln/boxlo
else
fact=box2n/box20
endif
X (1l)y=x{il)*fdct
enddo
call toterg(boxln,enln)
call toterg(box2n,en2n)
argl=-beta* ((enln-enlo)+

(npbox (1) +1) *logtvin/vlo) /beta)

arg2=-beta* ((enZ2n-en2o)+

(hpbox{2) +1) *log (¥2h/v20) /beta)

if (ranf{).gt.explargltarg2))
do i=l, npart

if (ibox (i) .eq.) then
fact=boxlo/boxln
else
fact=box20/box2n
endif
x(1)=x(i) *fact
enddo
endif
return

end

then

new volume box 1 and 2

new box length box 1
new box length box 2

determine which box

rescale positions

total energy box 1
total energy box 2

appropriate weight function
acceptance rule (8.3.3)

REJECTED
determine which box

restore old configuration




Algorithm 19 (Attempt to Swap a Particle between the Two Boxes)

SUBROUTINE mcswap

if {ranfd) :1ts@0.8) then
in=1
out=2
else
in=2
euE=1
endif
gxn=ranf () *box{in)
call ener (xn,enn, in)
w(in)=w(in) +vol (in) *

+ exp (-beta*enn) / (npbox (in) +1)
if (npbox(out) .eq.0) return
ido=0
do while (ido.ne.out)

o=int (npart*ranf())+1
ido=1ibox (o)
enddo
call ener (x(o),eno,out)
arg=exp (-beta* (enn-eno +

+ log(wel {elit) * (hpbox (in) +1) /

+ (vol(in) *npbox(cut) ) ) /beta))
if (ranf () .lt.arg) then

< Y —<r1

attempts to swap a particle
between the two boxes
which box to add or remove

new particle at a random position
energy new particle in box in
update chemical potential (8.3.5)

if box empty return
find a particle to be removed

energy particle o in box out

acceptance rule (8.3.4)

ardAd new narticle ta hay o -




+

.|_
+

out=2
else
in=2
out=1
endif
xn=ranf () *box (in)
call ener (xn,enn, in)
w(in)=w(in)+vol(in) *
exp (—beta*enn) / (npbox (in) +1)
if (npbox(out) .eq.0) return
ido=0
do while
g=1int{npart*rant () )+l

{ido.ne.out)

ido=ibox (o)
enddo
call ener (x(o),eno, out)
arg=exp (-beta* (enn-eno +

1og (vel {6lut) * (hpbox (i) +1) /
(vol (in) *npbox (out) ) ) /beta))
if (ranfi() .lt.arg) then
x (0) =xn
ibox (6) =1in
nbox (eut ) =npbox (eut)—1
nbox (in)=npbox (in) +1
endif
return

end

new particle at a random position
energy new particle in box in
update chemical potential (8.3.5)

if box empty return
find a particle to be removed

energy particle o in box out

acceptance rule (8.3.4)

add new particle to box in
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Analyzing the results (1)
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0 5000
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well below T,
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Analyzing the results (2)

0.0 bt

0.0 0.2 0.4 0.6
X =n/N

well below T,
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00 —m————
x=n/N

approaching T,



Analyzing the results (3)

A

0.0 0.2 0.4 0.6 0.0 | 0.2 | 0.4 | 0.6
p p

well below T, approaching T,



Advantages

« single simulation to study phase coexistence: system
Jfinds“ the densities of coexisting phases

* free energies/chem. potentials need not be calculated

» significant reduction of computer time

Disadvantages

only for vapor-liquid and liquid-liquid coexistence

* not very successful for dense phases (particle insertion!)



