Monte Carlo in different ensembles
Chapter 5

NVT ensemble
NPT ensemble
Grand-canonical (uVT) ensemble
Exotic ensembles: semigrand, isotension



Different Ensembles

Ensemble | Name Constant | Fluctuating | Thermo-
(Imposed) | (Measured) | dynamics

NVT Canonical N,V,T P F

NPT Isobaric-isothermal | N,PT \' G

uVvT Grand-canonical wV, T N Q




NVT ensemble: Statistical Thermodynamics

Partition function
Onvr = A3NN‘fdr exp[ ﬁU( )]

Ensemble average

(A) =y [a G ol pUEY)

NVT 3N
Ovyr AN

Probablllty to find a particular configuration

N( ) QNVT A3NN'fdrN5(r —1 )exp[ /J’U( )]ocexp[ /J’U( )]

Free energy

BF =-1n(0,,;)



Monte Carlo sampling

Monte Carlo
simulation

Samples configuration space according
to the Boltzmann distribution

fdrNA e—U(rN)/kBT
(A) = ;
fdl"N e—U(r )/ kT




Ensemble average

<A>NVT Ql eI f drNA( )eXP[‘/J’U(rN)] N exp[—[J’U(rN )]
I

= Jar"A()P(r) = [arp(")
) f dr” A(rN )Cexp[—ﬁU(rN )] ) f dr” A(rN )exp[—[J’U(rN )]

f drC exp[—ﬁU (rN )] B f dr" exp[—ﬁU (rN )]
Generate configuration using MC:
. 1 M d NA N PMC N
e e A =ﬁ; ArY) zf }dr](vrp A)w(rN()r )

fdrNA( )C exp[ [5U(r )]

with ) f dr¥cY¢ exp[ ﬁU ]

P (rN) =Cc"¢ eXP[_/’)U(rN)] B JarAlr )eXp[ BU(x )]
- f dr" exp[—ﬁU (f N)] 5




Monte Carlo sampling

Monte Carlo
simulation

Samples configuration space
according to the Boltzmann
distribution

fdrNA e—U(rN)/kBT
<A> - fd N UGN ) kyT
r e

How do we derive monte carlo
algorithm?



Detailed balance

e e

K(o—=n)=K(n— o)

K(o—=n)=N(o)xa(o—n) Symmetric generation

K )= N(n)xa( ) probability
n—o0)=Nmn)xo(n—o -
acc(o — n) _ N(n)xa(n %%fz)

acc(n —=0) N(o)xa(o—=n) N(o)




NV T-ensemble

N(n) « exp [—ﬁU(n)]

acc(o—=n) N(n)
acc(n —o0) N(0)

acc(o — n)

= exp [—/3 [U(n)—U(o)

acc(n — o)

acc(o — n) = min|Lexp(-AU (0 — n)]



Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE mcmove attempts to displace a particle
o=int (ranf () *npart) +1 select a particle at random
call ener (x(o),eno) energy old configuration
xn=x (0) + (ranf () -0.5) *delx give particle random displacement
call ener (xn, enn) energy new configuration
if (ranf().lt.exp(-beta acceptance rule (3.2.1)

+ * (enn—eno)) x(o)=xn accepted: replace x (o) by xn
return
end

Comments to this algorithm:

1. Subroutine ener calculates the energy of a particle at the given position.
2. Note that, if a configuration is rejected, the old configuration is retained.
3. The ranf () is a random number uniform in [0, 1].



Scaled coordinates

Partition function

Qv = A3NN' f dr" exp[ /3U( )] L

Scaled coordinates

S, =Y,/ L
This gives for the partition function
L3N N
Ovr = AgNN!fds CXp _ﬁU(
. ds" ex -—/J)U(SN L)
A3NN'f p ! ?




Measuring the pressure

The pressure is the thermodynamic derivative of F

), {28, 5

3% OV Jyr Ouwr\ 9V
N ds" oI VY deN _puy ABU(r™)
At A v
—V*h dse PUe)
KN
this reduces to the virial pressure
dpu(r’)
P =0—
pP=p < v >



Constant pressure simulation?

6.0 T T T T T T
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what if we are interested in
one specific pressure P?

we need large part of the
equation of state to find right
volume V

— needs many simulations.

Better idea: constant pressure
simulation.



NPT ensemble

We control the
* Temperature (T)

* Pressure (P)

* Number of particles (N)




The perfect simulation ensemble

N in volumeV

M in volumeV,-V

What is the statistical thermodynamics of this ensemble!?



The perfect ensemble: partition function

Vo _V

0., = sz]\;v'deN exp [—[J)U (SN;L)] T ‘. .

vV, -V v
Qv wir = A3(M - (M) )'fdsM NCXWL ]A3NN!
fds exp[—[J’U(sN;L)]
w,-vy ™" oy

QMVO,NV,T = A3M- N(M N)' A3NN'de GXP[ ﬁU( L)]
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v,-v)y ™

QMVO,NV,T = A3M- N(M N)' A3NN'de exp[ ﬁU( L)]

To get the total partition function of this system, we have to
integrate over all possible volumes:

w,-v) ™"
QMVO,N,T =de A3M- N(M N)' A3NN'de eXp[ ﬁU( L)]

Now let us take the following limits:

= — —> constant
%

As the particles are an ideal gas in the big rWave:

P = /3 P big reservoir acts as manostat

Voeoo

M%OO} M




w,-v) ™"
QMVO,N,T =de A3M- N(M N)' A3NNvde exp[ ﬁU( L)]

We have

Vo=V =W =V ry ) =V Y exp[-(M = N)V/W, ]

WV, -v)' " =V, exp[-pV |= V" " exp[-pPV ]




NPT Ensemble

Partition function:

Ovpr = deexp[ prv " fds exp[ /J’U( L)]

'A3N

Probability to find a particular configuration:

Npr (V8" ) 7 exp

Sample a particular conf
* change of volume

Acceptance rules ??



Detailed balance

e e

K(o—=n)=K(n— o)

K(o—=n)=N(o)xa(o— n)xacc(o — n)
K(n—=0)=N(n)xa(n—o)xacc(n — o)

acc(o =>n) N(n)xa(n—>0) N(n)
acc(n — o) B N(o)xoa(o — n) B N (o)




NPT-ensemble
N o7 (V,SN )oc V" exp|-BPV Jexp [—[J’U(SN;L)]

acc(o —=>n) N(n)
acc(n —o0) N(0)

Suppose we change the position of a randomly selected particle
N i N. 7Y\
acc(o —> n) V™ expl= exp —[J’U(sn ,L)

acc(n — o) VW@X}) -—ﬁU(Si\I;L)-

) exp -_ﬁU(Sf;L)- exp {_/3 [U(n)—U(o)]}

exp -—ﬁU(SON;L)-
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NPT-ensemble

N o7 (V,SN )oc V" exp|-BPV lexp [—/J’U(SN;L)]

acc(o —=>n) N(n)
acc(n —0) N(o)

Suppose we change the volume of the system

acc(o —=>n) V" exp

—pPV,

exp

-—/J)U(SN;Ln )

acc(n —>o0) V" exp

N

’
v,

—pPV,

exp

-—/J)U(SN;LO )

- (_) exp [=BP(V, -V, )] exp {—/3 [U(”)—U(O)]}
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Algorithm: NPT

* Randomly change the position of a particle

* Randomly change the volume
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Algorithm 10 (Basic NPT-Ensemble Simulation)

+

PROGEAM monpt

do level=1,nceyvel
ran=ranf () *(npart+1)+1
if (ran.le.npart) thsn
call momove
else
call moval
endlf
if (mod{iovel, nsamp) .edq.0)
call sample
enddo
end

basic NPT ensemble simulation

perform nevel MC cycles

perform particle displacement

perform volume change

sample averages
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Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE mcmove attempts to displace a particle
o=int (ranf () *npart) +1 select a particle at random
call ener (x(o),eno) energy old configuration
xn=x (0) + (ranf () -0.5) *delx give particle random displacement
call ener (xn, enn) energy new configuration
if (ranf().lt.exp(-beta acceptance rule (3.2.1)

+ * (enn—eno)) x(o)=xn accepted: replace x (o) by xn
return
end

Comments to this algorithm:

1. Subroutine ener calculates the energy of a particle at the given position.
2. Note that, if a configuration is rejected, the old configuration is retained.
3. The ranf () is a random number uniform in [0, 1].
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Algorithm 11 {Attempt to Change the Volume)

SUBROUTINE maovol

call toterg (lox, end)

vo=hoxt*d

Invn=loegi(vol+(rant () -0.5) *vmax

vn=eXpi{lnvn}

boxn=vn**{1/2)

do 1=1,npart
®iill=xi{1)*boxn/box

enddo

call toterg(boxn, enn)

arg=-beta* | (enn-enc)+p* (vn-vo)

+ - (npart+l)*logi{vn/vo) /beta)

if (ranfi).gt.expiarg)) then
do 1=1,npart

Xiili=xi(1)*box/boxn

enddo

endlf

return

end

attempts to change

the volume

total energy old conf.
determine old volume
perform random walk in In'V

new box length

rescale center of mass
total energy new conf.
appropriate weight function!
acceptance rule (5.2.3)

REJECTED
restore the old positions

NP




NPT simulations

6.0 ! I T T T T
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0.0

0.0

Setting pressure to zero will give liquid coexistence except

close to critical point: why!?
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Measured and Imposed Pressure

* Imposed pressure P

* Measured pressure <P,> from virial

e
oV )y s
V) = exp|-B(F (V) + PV)]
QNPT
Ovpr = BP [ dV exp[-B(F (V) + PV)]

X

In fact this is PG

27






Measured and Imposed Pressure
* Partial integration f fdg = fg f gdf

+ For V=0 and V=or exp[—/s(F(v)+PV)]=0

* Therefore,

(P,) - BP f v exp|-BPV | aexp[—ﬁF (V)]
" Q(NPT) B 9V

(P,) = Q(lli; . [avPexp|-B(F(V)+PV)|=P
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Grand-canonical ensemb

Suppose we have a gas in a porous material

le

LN NS LA
AN RVYavYata
A2\ SN AN

- VR ¥ | avVavava
R - AN

AVAVAVE IR VACVAVE

What are the equilibrium conditions!?
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Grand-canonical ensemble

NN

RVAAVA &
ANVE DA N

aVavVava
NN

A

AVAVAVA

We impose:

* Temperature (T)

* Chemical potential
N P (M)

/4' Volume (V)

But NOT pressure



The uerfect ensemble

\‘?0 —\v‘r

What is the statistical thermodynamics of this ensemble!?
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The uerfect ensemble: partition function

. Ve

N
Qwr = AZ\/N,deN CXp [_ﬁU(SN;L)]

v, -v)"™" ] VY
QMVO,NV,T - A3M N(M )'deM Vexp — M N;L ]A3NN!

x[[ds" exp [-ﬁU(sN;L)]
v,-v)y "  pv

QMVO,NV,T = A3M- N(M N)' A3NN'de GXP[ ﬁU( L)]
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w,-v) ™"
QMVO,NV,T A3M- N(M N)' A3NN'de CXP[ ID)U( L)]

To get the total partition function of this system, we have to
sum over all possible numbers of particles N

N=M (V_V)M_N
QMVO,N,T - Eo A3M- N(M N)' A3NN'de exp[ ﬁU( L)]

N

Now let us take the limits:

M —
= — —> constant
V

VO%OO

As the particles are an ideal gas in the big reservoir we have:

u =kBTln(A3p)

Q.uVT = ]E(: = 5\/33!1:]]:,]')1/ deN exp [_ﬁU(SN;L)]
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uVT Ensemble

Partition function:

=z exp (BuN V"

O 1 = Z I fdsN exp [—ﬁU(SN;L)]

Probability to find a particular configuration:

Ny (75" ) == (PuN )V
uv'r >

Detailed balance

Sample a particular c
* Change of the n
* Change of reduce

O

Acceptance rules ??

/
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Detailed balance

e e

K(o—=n)=K(n— o)

K(o—=n)=N(o)xa(o— n)xacc(o — n)
K(n—=0)=N(n)xa(n—o)xacc(n — o)

acc(o =>n) N(n)xa(n—>0) N(n)
acc(n — o) B N(o)xoa(o — n) B N (o)
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uVT-ensemble

exp(BuN V"
Nz (V25" )= E\WN!)

acc(o —n) N(n)
acc(n —0) N(0)

exp[—ﬁU(sN;L)]

Suppose we change the position of a randomly selected particle

BuN YW* N
acc(o = n) % exp[-BU (5.:L )]

acc(n —o0) ex
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uVT-ensemble

exp(BuN V"
N (V5" ) E\3NN!)

acc(o —=>n) N(n)
acc(n —o0) N(0)

exp[—/a’U(sN;L)]

Suppose we change the number of particles of the system

exp (Bu (W +1)27 N
acc(o — ) ) AN (N+1)7,\ CXP[_/?)U(S L, )]
acc(n — o) b g’i’;;;\ exp [—/J’U (SN;LO )]

_exp (Bu)V exp[-pAU ]

A’ (N +1) 3



Algorithm 12 (Basic Grand-Canonical Ensemble Simulation)

PROGEAM mo_go pasic uVT ensemble
simulation
do lovel=1, novel perform navel MC cycles

ran=int (ranf ()} * (npav+nexc))+1
if (ran.les.npart) then

call momove displace a particle
elae
call mesxo exchange a particle
endif with the reservoir
1f (mod{ilcvel , nsamp) .edq.0)
+ call sample sample averages
enddo
end

Comments to this algorithm:

1. This algorithm ensures that, after each MC step, detailed balance is obeved
Per cvcle we perform on average npav attempts” to displace particles and
nexc attempts to exchange particles with the reservoir.

2. Subroutine memove attempts to displace a particle (Algorithm 2}, subroutine
mcexa attempts to exchange a particle with a reservoir {Algorithm 13}, and

subroutine sample samples quantities every nsamp cvele.
39



Algorithm 13 (Attempt to Exchange a Particle with a Reservoir)

SUBROUTINE moexa

1f (ranfi().1lt.0.5) th=sn
if (npart.eq.0) return
o=1int (npart*rant() +1
2all ener(x(o),eno)
arg=npart*exp (betarena)
- flzz*vol)
1f (ranfi).lt.arg) then
Xi{o)=xX(npart)
npart=npart-1
endif
slae
xn=rant () *hox
2all ener(xn,enn)
arg=zz*vol*exp(-beta*enn)
+ Jinpart+1)
1f (ranfi).lt.arg) then
Xinpart+l)=xn
npart=npart+1
endit
endit
return
end

attempt to exchange a particle
with a reservoir

decide to remove or add a particle
test whether there is a particle
select a particle to be removed
energy particle o

acceptance rule (5.6.9)

accepted: remove particle o

new particle at a random position
energy new particle
acceptance rule (5.6.8)

accepted: add new particle

Comment to this algorithm:
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Application: equation of state of
Lennard-Jones at T=2.0

10.0

:I_Tl
o

P Or .llf"hf

0.0 ¢

\
Mex

.
o

B l : : . : _ 3 ex
%00 02 04 06 08 10 H=KTIAp+u

P

Potential problem: at high densities acceptance goes down.



Application: adsorption in zeolites

1 T T 17T
30 F al
o
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i w“w
ﬁl
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Semi grand ensemble

* For mixtures an additional ensemble exists: semigrand
e Constant NAuT:

— The difference between the chemical potentials of the
components is fixed

— total number of particles is fixed

* For a binary mixture
— N, N, are allowed to change, but N,+N,=N
— W,, W, are allowed to change, but Au = u,— u,

deVNeXp[ BPV]x Eexp[[a’N Au]xfds exp[-BU(s™)]

identities

N' A3N

In binary mixture just [,2 4




MC move changes identity

P (1 —2)=min[l,exp[-pU + BAul

acc

Advantage: at high densities still good acceptance
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Summary

Ensemble Constant Fluctuating Function
(Imposed) (Measured)
NVT N,V,T P BF=-InQ(N,V,T)
NPT N,PT \' BG=-InQ(N,RT)=BF+BPV
i u VT N BQ=-InQ(,V.T)=-BPV
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Exotic ensembles

What to do with a biological membrane?

Proteins
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Lipid bilayer

Model membrane:




Phase diagram: lipid-alcohol mixture

calcohol —
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Surface Tension Yy
controls area per lipid

Y<O0 | compressed bilayer

Y=0 | tensionless bilayer

Y>0 | stretched bilayer




Simulations at imposed surface tension

 Simulation to a constant surface tension

— Simulation box: allow the area of the bilayer to change in such a
way that the volume is constant.
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Constant surface tension simulation

Ny (A" ) expl-BUE™) -y A))

A = A
L =
AL=AL=V

P . =min(l,exp{-B[U(s";A")-U(s";A)-y(A-A)]})

acc
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Tensionless state: y = 0

Y(Ao) = -0.3 +/- 0.6
=T

Y(Ac)=2.5+/- 0.3 &

Y(Aoc) = 2.9 +/- 0.3

50
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