
Monte Carlo in different ensembles�
Chapter 5

NVT ensemble
NPT ensemble

Grand-canonical (µVT) ensemble
Exotic ensembles: semigrand, isotension
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Different Ensembles

Ensemble Name Constant 
(Imposed)

Fluctuating 
(Measured)

Thermo-
dynamics 

NVT Canonical N,V,T P F

NPT Isobaric-isothermal N,P,T V G

µVT Grand-canonical µ,V,T N Ω
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NVT ensemble: Statistical Thermodynamics

€ 

βF = −ln QNVT( )

( ) ( )[ ]NNN
N

NVT
NVT

UA
NQ

A rexprdr
!

11
3 β−

Λ
= ∫€ 

QNVT =
1

Λ3NN!
drN∫ exp −βU rN( )[ ]

Partition function

Ensemble average

Free energy

( ) ( ) ( ) ( )3

1 1N r dr' r' r exp r' exp r
!

N N N N N N
N

NVT

U U
Q N

δ β β   = − − ∝ −   Λ ∫

Probability to find a particular configuration



Monte Carlo 
simulation 

Monte Carlo sampling

Samples configuration space according 
to the Boltzmann distribution 

€ 

A =
drNA e−U (r

N ) / kBT∫
drN e−U (r

N ) / kBT∫
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Ensemble average

€ 

A NVT =
1

QNVT

1
Λ3NN!

drN∫ A rN( )exp −βU rN( )[ ]

€ 

= drN A rN( )P rN( )∫

€ 

=
drN A rN( )P rN( )∫
drNP rN( )∫

€ 

=
drN A rN( )C∫ exp −βU rN( )[ ]
drNCexp −βU rN( )[ ]∫

€ 

=
drN A rN( )∫ exp −βU rN( )[ ]
drN exp −βU rN( )[ ]∫

Generate configuration using MC:

€ 

PMC rN( ) = CMC exp −βU rN( )[ ]

  

€ 

r1
N ,r2

N ,r3
N ,r4

N
,rM

N{ }

€ 

A = 1
M

A
i=1

M

∑ ri
N( )

with
€ 

≈
drN A rN( )PMC rN( )∫
drNPMC rN( )∫

€ 

=
drN A rN( )CMC exp −βU rN( )[ ]∫
drNCMC exp −βU rN( )[ ]∫

€ 

=
drN A rN( )exp −βU rN( )[ ]∫
drN exp −βU rN( )[ ]∫

€ 

P rN( ) =
exp −βU rN( )[ ]
QNVTΛ

3NN!



Monte Carlo 
simulation 

Monte Carlo sampling

Samples configuration space 
according to the Boltzmann 
distribution

€ 

A =
drNA e−U (r

N ) / kBT∫
drN e−U (r

N ) / kBT∫

How do we derive monte carlo 
algorithm?
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Detailed balance

acc( ) ( ) ( ) ( )
acc( ) ( ) ( ) ( )

o n N n n o N n
n o N o o n N o

α
α

→ × →
= =

→ × →

( ) ( )K o n K n o→ = →

( ) ( ) ( ) acc( )K o n N o o n o nα→ = × → × →

o n 

( ) ( ) ( ) acc( )K n o N n n o n oα→ = × → × →

Symmetric generation
 probability
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NVT-ensemble

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

( )( ) expN n U nβ ∝ − 

( ) ( )acc( ) exp
acc( )

o n U n U o
n o

β
→   = − −  →

€ 

acc(o→ n) =min 1,exp(−βΔU(o→ n)[ ]

Choice of metropolis et al.
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Scaled coordinates

/i i L=s r
€ 

QNVT =
1

Λ3NN!
drN∫ exp −βU rN( )[ ]

Partition function

Scaled coordinates

This gives for the partition function

( )

( )

3

3

3

ds exp s ;
!

ds exp s ;
!

N
N N

NVT N

N
N N

N

LQ U L
N

V U L
N

β

β

 = − Λ

 = − Λ

∫

∫

The energy depends 
on the real coordinates

L

L
L

V=L3 



Measuring the pressure

The pressure is the thermodynamic derivative of F

this reduces to the virial pressure 
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€ 

βP = −
∂βF
∂V

 

 
 

 

 
 
N ,T

=
∂lnQNVT

∂V
 

 
 

 

 
 
N ,T

=
1

QNVT

∂QNVT

∂V
 

 
 

 

 
 
N ,T

=

NV N−1

Λ3NN!
dsNe−βU (r

N )∫ −
V N

Λ3NN!
dsNe−βU (r

N ) dβU(rN )
dV∫

V N

Λ3NN!
dsNe−βU (s

N )∫

€ 

βP = ρ −
dβU(rN )
dV



Constant pressure simulation?

•  what if we are interested in 
one specific pressure P?

•  we need large part of the 
equation of state to find right 
volume V
–  needs many simulations.

•  Better idea: constant pressure 
simulation.
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NPT ensemble

We control the 

•  Temperature (T)
•  Pressure (P)

•  Number of particles (N)
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The perfect simulation ensemble

Here they are an 
ideal gas

Here they interact

What is the statistical thermodynamics of this ensemble?

N in volume V

M in volume V0-V
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The perfect ensemble: partition function

( )3 ds exp s ;
!

N
N N

NVT N
VQ U L
N

β = − Λ ∫

( )
( ) ( )

( )

0

0
, , 03 3ds exp s ;

! !

ds exp s ;

M N N
M N M N

MV NV T M N N

N N

V V VQ U L
M N N

U L

β

β

−

− −
−

−
 = − Λ − Λ

 × − 

∫

∫
( )

( ) ( )0

0
, , 3 3 ds exp s ;

! !

M N N
N N

MV NV T M N N

V V VQ U L
M N N

β
−

−

−
 = − Λ − Λ ∫
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( )
( ) ( )0

0
, , 3 3 ds exp s ;

! !

M N N
N N

MV NV T M N N

V V VQ U L
M N N

β
−

−

−
 = − Λ − Λ ∫

To get the total partition function of this system,  we have to 
integrate over all possible volumes:

( )
( ) ( )0

0
, , 3 3d ds exp s ;

! !

M N N
N N

MV N T M N N

V V VQ V U L
M N N

β
−

−

−
 = − Λ − Λ∫ ∫

Now let us take the following limits:

0

constant
M M
V V

ρ
→∞

= →
→∞ 

As the particles are an ideal gas in the big reservoir we have:

Pρ β= big reservoir acts as manostat
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We have

( )
( ) ( )0

0
, , 3 3d ds exp s ;

! !

M N N
N N

MV N T M N N

V V VQ V U L
M N N

β
−

−

−
 = − Λ − Λ∫ ∫

( ) ( ) ( )0 0 0 0 01 expM N M NM N M NV V V V V V M N V V− −− −  − = − ≈ − − 

( ) [ ] [ ]0 0 0exp expM N M N M NV V V V V PVρ β
− − −− ≈ − = −

This gives:

[ ] ( )3 d exp ds exp s ;
!

N N N
NPT N

PQ V PV V U L
N
β

β β = − − Λ ∫ ∫

To make the partition function 
dimensionless (not trivial)
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NPT Ensemble
Partition function:

[ ] ( )3 d exp ds exp s ;
!

N N N
NPT N

PQ V PV V U L
N
β

β β = − − Λ ∫ ∫

Probability to find a particular configuration:

( ) [ ] ( ), exp exp s ;N N N
NPTN V V PV U Lβ β ∝ − − s

Sample a particular configuration:
•  change of volume 
•  change of reduced coordinates

Acceptance rules ??

Detailed balance 
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Detailed balance

acc( ) ( ) ( ) ( )
acc( ) ( ) ( ) ( )

o n N n n o N n
n o N o o n N o

α
α

→ × →
= =

→ × →

( ) ( )K o n K n o→ = →

( ) ( ) ( ) acc( )K o n N o o n o nα→ = × → × →

o n 

( ) ( ) ( ) acc( )K n o N n n o n oα→ = × → × →
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NPT-ensemble

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

( ) [ ] ( ), exp exp s ;N N N
NPTN V V PV U Lβ β ∝ − − s

Suppose we change the position of a randomly selected particle

[ ] ( )
[ ] ( )

N
n

N
o

exp exp s ;acc( )
acc( ) exp exp s ;

N

N

V PV U Lo n
n o V PV U L

β β

β β

 − −→  =
→  − − 

( )
( )

( ) ( ){ }
N
n

N
o

exp s ;
exp

exp s ;

U L
U n U o

U L

β
β

β

 −   = = − −  − 
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NPT-ensemble

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

( ) [ ] ( ), exp exp s ;N N N
NPTN V V PV U Lβ β ∝ − − s

Suppose we change the volume of the system

[ ] ( )
[ ] ( )

N

N

exp exp s ;acc( )
acc( ) exp exp s ;

N
n n n

N
o o o

V PV U Lo n
n o V PV U L

β β

β β

 − −→  =
→  − − 

( ) ( ) ( ){ }exp exp 0
N

n
n o

o

V P V V U n U
V

β β
 

   = − − − −     
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Algorithm: NPT

•  Randomly change the position of a particle

•  Randomly change the volume
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NPT simulations

Setting pressure to zero will give liquid coexistence except 
close to critical point: why?

P=0 
simulations 



27

Measured and Imposed Pressure

•  Imposed pressure P

•  Measured pressure <PV> from virial

€ 

PV = −
∂F
∂V
 

 
 

 

 
 
N ,T

p(V ) =
exp −β F(V ) + PV( )[ ]

QNPT

QNPT = βP dV exp −β F(V ) + PV( )[ ]∫

In fact this is βG
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€ 

PV = −
∂F
∂V
 

 
 

 

 
 
N ,T

PV = −
βP

Q(NPT)
dV ∂F

∂V
 

 
 

 

 
 
N ,T

exp −β F V( ) + PV( )[ ]∫

PV =
βP

Q(NPT)
dV
exp −βPV[ ]

β

∂exp −βF V( )[ ]
∂V∫
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Measured and Imposed Pressure

•  Partial integration

•  For V=0 and V=∞

•  Therefore,

€ 

PV =
βP

Q(NPT)
dV
exp −βPV[ ]

β

∂exp −βF V( )[ ]
∂V∫

PV =
βP

Q(NPT)
dVP exp −β F V( ) + PV( )[ ]∫ = P

€ 

fdg
a

b

∫ = fg[ ]a
b
− gdf

a

b

∫

€ 

exp −β F V( ) + PV( )[ ] = 0
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Grand-canonical ensemble

What are the equilibrium conditions?

Suppose we have a gas in a porous material
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Grand-canonical ensemble

We impose:

•  Temperature (T) 
•  Chemical potential (µ) 

•  Volume (V)

But NOT pressure
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The µerfect ensemble

Here they are an 
ideal gas

Here they interact

What is the statistical thermodynamics of this ensemble?
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The µerfect ensemble: partition function

( )3 ds exp s ;
!

N
N N

NVT N
VQ U L
N

β = − Λ ∫

( )
( ) ( )

( )

0

0
, , 03 3ds exp s ;

! !

ds exp s ;

M N N
M V M N

MV NV T M N N

N N

V V VQ U L
M N N

U L

β

β

−

− −
−

−
 = − Λ − Λ

 × − 

∫

∫
( )

( ) ( )0

0
, , 3 3 ds exp s ;

! !

M N N
N N

MV NV T M N N

V V VQ U L
M N N

β
−

−

−
 = − Λ − Λ ∫
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( )
( ) ( )0

0
, , 3 3 ds exp s ;

! !

M N N
N N

MV NV T M N N

V V VQ U L
M N N

β
−

−

−
 = − Λ − Λ ∫

To get the total partition function of this system, we have to 
sum over all possible numbers of particles N

( )
( ) ( )0

0
, , 3 3

0
ds exp s ;

! !

M N NN M
N N

MV N T M N N
N

V V VQ U L
M N N

β
−

=

−
=

−
 = − Λ − Λ∑ ∫

Now let us take the limits:

0

constant
M M
V V

ρ
→∞

= →
→∞ 

As the particles are an ideal gas in the big reservoir we have:

( )3lnBk Tµ ρ= Λ

( ) ( )3
0

exp
ds exp s ;

!

NN
N N

VT N
N

N V
Q U L

Nµ

βµ
β

=∞

=

 = − Λ∑ ∫
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µVT Ensemble
Partition function:

Probability to find a particular configuration:

( ) ( ) ( )3

exp
, exp s ;

!

N
N N

VT N

N V
N V U L

Nµ

βµ
β ∝ − Λ

s

Sample a particular configuration:
•  Change of the number of particles
•  Change of reduced coordinates

Acceptance rules ??

Detailed balance 

( ) ( )3
0

exp
ds exp s ;

!

NN
N N

VT N
N

N V
Q U L

Nµ

βµ
β

=∞

=

 = − Λ∑ ∫
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Detailed balance

acc( ) ( ) ( ) ( )
acc( ) ( ) ( ) ( )

o n N n n o N n
n o N o o n N o

α
α

→ × →
= =

→ × →

( ) ( )K o n K n o→ = →

( ) ( ) ( ) acc( )K o n N o o n o nα→ = × → × →

o n 

( ) ( ) ( ) acc( )K n o N n n o n oα→ = × → × →
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µVT-ensemble

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

Suppose we change the position of a randomly selected particle

( ) ( )
( ) ( )

N
n3

N
o3

exp
exp s ;acc( ) !

expacc( )
exp s ;

!

N

N

N

N

N V
U Lo n N

N Vn o
U L

N

βµ
β

βµ
β

 − → Λ=
→  − Λ

( ) ( ){ }exp 0U n Uβ  = − − 

( ) ( ) ( )3

exp
, exp s ;

!

N
N N

VT N

N V
N V U L

Nµ

βµ
β ∝ − Λ

s
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µVT-ensemble

acc( ) ( )
acc( ) ( )

o n N n
n o N o
→

=
→

Suppose we change the number of particles of the system

( )( )
( ) ( )
( ) ( )

1
N+1

3 3

N
3

exp 1
exp s ;

1 !acc( )
expacc( )

exp s ;
!

N

nN

N

oN

N V
U L

No n
N Vn o

U L
N

βµ
β

βµ
β

+

+

+
 − Λ +→

=
→  − Λ

( ) ( ) ( )3

exp
, exp s ;

!

N
N N

VT N

N V
N V U L

Nµ

βµ
β ∝ − Λ

s

( )
( )

[ ]3

exp
exp

1
V

U
N
βµ

β= − Δ
Λ +
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Application: equation of state of �
Lennard-Jones at T=2.0

P 

µex

Potential problem: at high densities acceptance goes down.

€ 

µ = kT lnΛ3ρ + µex
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Application: adsorption in zeolites
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Semi grand ensemble

•  For mixtures an additional ensemble exists: semigrand

•  Constant NΔµT:
–  The difference between the chemical potentials of the 

components is fixed
–  total number of particles is fixed

•  For a binary mixture
–  N1, N2 are allowed to change, but N1+N2=N

‒  µ2, µ1   are allowed to change, but Δµ = µ2- µ1 

€ 

Ξ =
βP

N!Λ3N
dVV N exp[−βPV ]∫ × exp[βN2Δµ]

identities
∑ × dsN exp[−βU(sN )]∫

In binary mixture just 1,2
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MC move changes identity

€ 

Pacc (1→ 2)=min[1,exp[−βU + βΔµ]

Advantage: at high densities still good acceptance
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Summary

Ensemble Constant 
(Imposed)

Fluctuating 
(Measured)

Function

NVT N,V,T P βF=-lnQ(N,V,T)

NPT N,P,T V βG=-lnQ(N,P,T)=βF+βPV

µVT µ,V,T N βΩ=-lnQ(µ,V,T)=-βPV

ΔµVT ΔµVT µi ,Ni βY=-lnΞ(Δµ,V,T)
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Exotic ensembles

What to do with a biological membrane?



47

Model membrane: Lipid bilayer

hydrophilic head group 

two hydrophobic tails 

water 

water 
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Phase diagram: lipid-alcohol mixture
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Surface Tension γ �
controls area per lipid

γ<0 compressed bilayer

γ=0 tensionless bilayer

γ>0 stretched bilayer
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Simulations at imposed surface tension

•  Simulation to a constant surface tension
–  Simulation box: allow the area of the bilayer to change in such a 

way that the volume is constant.
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Constant surface tension simulation

A)]})(A'A);(U)A';(U[exp{min(1, −−−−= γβ NN
accP ss

A A’ 

L L’ 

A L = A’ L’ = V 

( ), exp[ (U( ) A)]N N
N T Aγ β γ∝ − −r rN
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 γ(Ao) =  -0.3 +/- 0.6 

γ(Ao) = 2.5 +/-  0.3 

γ(Ao) = 2.9 +/-  0.3 

Tensionless state: γ = 0 


