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Optimization problem

E [{φ},{φ∗},{n}] =∑
r

nr ⟨φr ∣ĥ∣φr ⟩ +W [{φ},{n}]

ĥ ∶= −
1

2
∇

2
+ vext

⟨kl ∣ba⟩ ∶= ∫ dx1∫ dx2 φ
∗

k(x1)φ
∗

l (x2)w(x ,x ′)φb(x1)φa(x2)

WHF
[{φ},{φ∗},{n}] =

1

2
∑
rs

nrns⟨rs ∣rs⟩ −
1

2
∑
rs

nrns⟨rs ∣sr⟩

WKS
[{φ},{φ∗},{n}] =

1

2
∑
rs

nrnswrssr + Exc[ρ] = EHxc[ρ]

W 1MFT
[{φ},{φ∗},{n}] =W [γ]
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ĥ ∶= −
1

2
∇

2
+ vext

⟨kl ∣ba⟩ ∶= ∫ dx1∫ dx2 φ
∗

k(x1)φ
∗

l (x2)w(x ,x ′)φb(x1)φa(x2)

WHF
[{φ},{φ∗},{n}] =

1

2
∑
rs

nrns⟨rs ∣rs⟩ −
1

2
∑
rs

nrns⟨rs ∣sr⟩

WKS
[{φ},{φ∗},{n}] =

1

2
∑
rs

nrnswrssr + Exc[ρ] = EHxc[ρ]

W 1MFT
[{φ},{φ∗},{n}] =W [γ]

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 3 / 24



Optimization problem

Emethod
[{φ},{φ∗}{n}] =∑

r
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ĥ ∶= −
1

2
∇

2
+ vext

⟨kl ∣ba⟩ ∶= ∫ dx1∫ dx2 φ
∗

k(x1)φ
∗

l (x2)w(x ,x ′)φb(x1)φa(x2)

WHF
[{φ},{φ∗},{n}] =

1

2
∑
rs

nrns⟨rs ∣rs⟩ −
1

2
∑
rs

nrns⟨rs ∣sr⟩

WKS
[{φ},{φ∗},{n}] =

1

2
∑
rs

nrnswrssr + Exc[ρ] = EHxc[ρ]

W 1MFT
[{φ},{φ∗},{n}] =W [γ]

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 3 / 24



Optimization problem

Emethod
[{φ},{φ∗}{n}] =∑

r

nr ⟨φr ∣ĥ∣φr ⟩ +Wmethod
[{φ},{φ∗}{n}]
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Aufbau-assumption

(ĥ + v̂ eff
[{φ},{n}])φk(x) = εkφk(x)

How to choose the occupations?

Aufbau-assumption

The N orbitals with the lowest orbital energy are occupied.
The other orbitals are empty.

Questions

How to deal with degeneracy?
Can the Aufbau-assumption mathematically be justified?
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Goal

Minimise E [{φ},{ξ∗},{n}] with respect to {φ}, {ξ∗} and {n}

Subject to

⟨ξk ∣φl⟩ = δkl (ξ∗k = φ
∗

k)

∑
k

nk = N

0 ≤ nk ≤ 1

G. Zumbach and K. Maschke, J. Chem. Phys. 82, 5604 (1985)

“Unfortunately, the conditions 0 ≤ nk ≤ 1 cannot be expressed in terms of
Lagrange parameters.”

Karush–Kuhn–Tucker conditions

Karush (1939); Kuhn and Tucker (1951)
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Phase invariance

γ(x ,x ′) =∑
k

nkφk(x)φ∗k(x
′
)

φk(x) = e−iαkχk(x)

0 =
dF

dαk
= ∫ dx

∂F

∂φk(x)
dφk(x)
dαk

+ ∫ dx
∂F

∂φ∗k(x)
dφ∗k(x)
dαk

= i ∫ dx (φ∗k(x)
∂F

∂φ∗k(x)
−

∂F

∂φk(x)
φk(x))

Fkl ∶= ∫ dx
∂F

∂φk(x)
φl(x) ⇒ F †

kk − Fkk = 0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 6 / 24



Phase invariance

γ(x ,x ′) =∑
k

nkφk(x)φ∗k(x
′
)

φk(x) = e−iαk

χk(x)

0 =
dF

dαk
= ∫ dx

∂F

∂φk(x)
dφk(x)
dαk

+ ∫ dx
∂F

∂φ∗k(x)
dφ∗k(x)
dαk

= i ∫ dx (φ∗k(x)
∂F

∂φ∗k(x)
−

∂F

∂φk(x)
φk(x))

Fkl ∶= ∫ dx
∂F

∂φk(x)
φl(x) ⇒ F †

kk − Fkk = 0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 6 / 24



Phase invariance

γ(x ,x ′) =∑
k

nkφk(x)φ∗k(x
′
)

φk(x) = e−iαkχk(x)

0 =
dF

dαk
= ∫ dx

∂F

∂φk(x)
dφk(x)
dαk

+ ∫ dx
∂F

∂φ∗k(x)
dφ∗k(x)
dαk

= i ∫ dx (φ∗k(x)
∂F

∂φ∗k(x)
−

∂F

∂φk(x)
φk(x))

Fkl ∶= ∫ dx
∂F

∂φk(x)
φl(x) ⇒ F †

kk − Fkk = 0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 6 / 24



Phase invariance

γ(x ,x ′) =∑
k

nkφk(x)φ∗k(x
′
)

φk(x) = e−iαkχk(x)

0 =
dF

dαk

= ∫ dx
∂F

∂φk(x)
dφk(x)
dαk

+ ∫ dx
∂F

∂φ∗k(x)
dφ∗k(x)
dαk

= i ∫ dx (φ∗k(x)
∂F

∂φ∗k(x)
−

∂F

∂φk(x)
φk(x))

Fkl ∶= ∫ dx
∂F

∂φk(x)
φl(x) ⇒ F †

kk − Fkk = 0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 6 / 24



Phase invariance

γ(x ,x ′) =∑
k

nkφk(x)φ∗k(x
′
)

φk(x) = e−iαkχk(x)

0 =
dF

dαk
= ∫ dx

∂F

∂φk(x)
dφk(x)
dαk

+ ∫ dx
∂F

∂φ∗k(x)
dφ∗k(x)
dαk

= i ∫ dx (φ∗k(x)
∂F

∂φ∗k(x)
−

∂F

∂φk(x)
φk(x))

Fkl ∶= ∫ dx
∂F

∂φk(x)
φl(x) ⇒ F †

kk − Fkk = 0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 6 / 24



Phase invariance

γ(x ,x ′) =∑
k

nkφk(x)φ∗k(x
′
)

φk(x) = e−iαkχk(x)

0 =
dF

dαk
= ∫ dx

∂F

∂φk(x)
dφk(x)
dαk

+ ∫ dx
∂F

∂φ∗k(x)
dφ∗k(x)
dαk

= i ∫ dx (φ∗k(x)
∂F

∂φ∗k(x)
−

∂F

∂φk(x)
φk(x))

Fkl ∶= ∫ dx
∂F

∂φk(x)
φl(x) ⇒ F †

kk − Fkk = 0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 6 / 24



Phase invariance

γ(x ,x ′) =∑
k

nkφk(x)φ∗k(x
′
)

φk(x) = e−iαkχk(x)

0 =
dF

dαk
= ∫ dx

∂F

∂φk(x)
dφk(x)
dαk

+ ∫ dx
∂F

∂φ∗k(x)
dφ∗k(x)
dαk

= i ∫ dx (φ∗k(x)
∂F

∂φ∗k(x)
−

∂F

∂φk(x)
φk(x))

Fkl ∶= ∫ dx
∂F

∂φk(x)
φl(x)

⇒ F †
kk − Fkk = 0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 6 / 24



Phase invariance

γ(x ,x ′) =∑
k

nkφk(x)φ∗k(x
′
)

φk(x) = e−iαkχk(x)

0 =
dF

dαk
= ∫ dx

∂F

∂φk(x)
dφk(x)
dαk

+ ∫ dx
∂F

∂φ∗k(x)
dφ∗k(x)
dαk

= i ∫ dx (φ∗k(x)
∂F

∂φ∗k(x)
−

∂F

∂φk(x)
φk(x))

Fkl ∶= ∫ dx
∂F

∂φk(x)
φl(x) ⇒ F †

kk − Fkk = 0

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 6 / 24



A student’s adventure: part 1

f = dOB + dBF

Force balance

∇f + λ∇h = 0
x

y

O F

bar h(x , y) = 0
B

−∇f

−λ∇h
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Generalisation

min
x∈Rn

f (x)

subject to hj(x) = 0 for j = 1, . . . , l

L(x ,λ) = f (x) +
l

∑
j=1

λjhj(x)

∇xL(x ,λ) = ∇f (x) +
l

∑
j=1

λj∇hj(x) = 0

hj(x) = 0 for j = 1, . . . , l
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The student’s adventure: part 2

1 No constraint: ξ = 0
(g(x , y) ≤ 0)

2 At the boundary of the
constraints: g(x , y) = 0 (ξ > 0)

Combined into

ξ g(x , y) = 0

ξ ≥ 0

x

y

O F
table

g(x , y) ≤ 0

−ξ∇g
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Lagrangian

min
x∈RN

f (x)

subject to gi(x) ≤ 0 for i = 1, . . . ,m and

hj(x) = 0 for j = 1, . . . , l .

Lagrangian:

L(x ,ξ,λ) = f (x) +
m

∑
i=1

ξigi(x) +
l

∑
j=1

λihi(x)
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Karush-Kuhn-Tucker (KKT) conditions

Dual feasibility

∇xL(x ,ξ,λ) = ∇f (x) +
m

∑
i=1

ξi∇gi(x) +
l

∑
j=1

λj∇hj(x) = 0,

ξi ≥ 0 ∀ i = 1, . . . ,m,

Complementary slackness

ξigi(x) = 0 ∀ i = 1, . . . ,m

Primal feasibility conditions

gi(x) ≤ 0 ∀ i = 1, . . . ,m and

hj(x) = 0 ∀ j = 1, . . . , l .
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Failure of KKT

Minimize f (x , y) = −x

subject to

y − (1 − x)3
= g1(x , y) ≤ 0

−y = g2(x , y) ≤ 0 x

y

x̄ = ( 1
0 )

∇f (x̄)

∇g1(x̄)

∇g2(x̄)
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Constraint qualification

Constraint Qualification (CQ)

linear independence CQ The gradients of the active constraints are linear
independent.

linearity CQ If the constraints are affine (i.e. linear) functions, no further
conditions are necessary.

other CQs Cottle’s CQ, Zangwill’s CQ, Kuhn–Tucker’s CQ, Slater’s CQ,
Abadie’s CQ, etc.
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Energy Lagrangian

Ω[{φ},{ξ∗},n

,λ, ε, ε0, ε1

] = E [{φ},{ξ∗},{n}]

−∑
rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N) −∑
r

ε0
r nr +∑

r

ε1
r (nr − 1)
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λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N) −∑
r

ε0
r nr +∑

r

ε1
r (nr − 1)

⟨ξr ∣φs⟩ = δrs

⇒ hrs({φ}) = ⟨ξr ∣φs⟩ − δrs
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ε(∑
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ε0
r nr +∑

r

ε1
r (nr − 1)

nr ≥ 0

⇒ −nr ≤ 0 ⇒ gr(nr) = −nr

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 14 / 24



Energy Lagrangian

Ω[{φ},{ξ∗},n,λ, ε

, ε0, ε1

] = E [{φ},{ξ∗},{n}] −∑
rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N)

−∑
r

ε0
r nr +∑

r

ε1
r (nr − 1)

nr ≥ 0 ⇒ −nr ≤ 0

⇒ gr(nr) = −nr

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 14 / 24



Energy Lagrangian

Ω[{φ},{ξ∗},n,λ, ε

, ε0, ε1

] = E [{φ},{ξ∗},{n}] −∑
rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N)

−∑
r

ε0
r nr +∑

r

ε1
r (nr − 1)

nr ≥ 0 ⇒ −nr ≤ 0 ⇒ gr(nr) = −nr

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 14 / 24



Energy Lagrangian

Ω[{φ},{ξ∗},n,λ, ε, ε0

, ε1

] = E [{φ},{ξ∗},{n}] −∑
rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N) −∑
r

ε0
r nr

+∑
r

ε1
r (nr − 1)

nr ≥ 0 ⇒ −nr ≤ 0 ⇒ gr(nr) = −nr

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 14 / 24



Energy Lagrangian

Ω[{φ},{ξ∗},n,λ, ε, ε0

, ε1

] = E [{φ},{ξ∗},{n}] −∑
rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N) −∑
r

ε0
r nr

+∑
r

ε1
r (nr − 1)

nr ≤ 1

⇒ nr − 1 ≤ 0 ⇒ gr(nr) = nr − 1

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 14 / 24



Energy Lagrangian

Ω[{φ},{ξ∗},n,λ, ε, ε0

, ε1

] = E [{φ},{ξ∗},{n}] −∑
rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N) −∑
r

ε0
r nr

+∑
r

ε1
r (nr − 1)

nr ≤ 1 ⇒ nr − 1 ≤ 0

⇒ gr(nr) = nr − 1

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 14 / 24



Energy Lagrangian

Ω[{φ},{ξ∗},n,λ, ε, ε0

, ε1

] = E [{φ},{ξ∗},{n}] −∑
rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N) −∑
r

ε0
r nr

+∑
r

ε1
r (nr − 1)

nr ≤ 1 ⇒ nr − 1 ≤ 0 ⇒ gr(nr) = nr − 1

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 14 / 24



Energy Lagrangian

Ω[{φ},{ξ∗},n,λ, ε, ε0, ε1
] = E [{φ},{ξ∗},{n}] −∑

rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N) −∑
r

ε0
r nr +∑

r

ε1
r (nr − 1)

nr ≤ 1 ⇒ nr − 1 ≤ 0 ⇒ gr(nr) = nr − 1

Giesbertz (Klaas) Aufbau derivation Hans-sur-Lesse 2019 14 / 24



Energy Lagrangian

Ω[{φ},{ξ∗},n,λ, ε, ε0, ε1
] = E [{φ},{ξ∗},{n}] −∑

rs

λsr(⟨ξr ∣φs⟩ − δrs) −

ε(∑
r

nr −N) −∑
r

ε0
r nr +∑

r

ε1
r (nr − 1)

0 =
∂Ω

∂φk(x)

=
∂E

∂φk(x)
−∑

r

λkrφ
∗

r (x) (solution: ξ∗r = φ
∗

r )

0 = ∫ dx
∂Ω

∂φk(x)
φl(x) = ∫ dx

∂E

∂φk(x)
φl(x) − λkl

0 = ∫ dx φ∗k(x)
∂Ω

∂φ∗l (x)
= ∫ dx φ∗k(x)

∂E

∂φ∗l (x)
− λkl
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Is εk an orbital energy?

εlφl(x) = ĥeff
[{φ},{n}]φl(x)

= (ĥ + v̂ eff
[{φ},{n}])φl(x)
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E †
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W †
kl −Wkl
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Derivation of the Fock potential

WHF
[{φ},{n}] =

1

2
∑
rs

nrns⟨rs ∣rs⟩ −
1

2
∑
rs

nrns⟨rs ∣sr⟩

⟨kl ∣ba⟩ ∶= ∫ dx1∫ dx2 φ
∗

k(x1)φ
∗

l (x2)w(x ,x ′)φb(x1)φa(x2)

∀k≠l vHF
kl =

WHF†
kl −WHF

kl

nl − nk
=∑

r

nr(⟨kr ∣lr⟩ − ⟨kr ∣rl⟩)

vHF
kk =

∂WHF

∂nk
=∑

r

nr(⟨kr ∣lr⟩ − ⟨kr ∣rl⟩)

⇒ vHF
kl =∑

r

nr(⟨kr ∣lr⟩ − ⟨kr ∣rl⟩) ⇒ hkl + vHF
kl = fkl
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DFT

WDFT
= EHxc[ρ] ρ(x) =∑
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nk ∣φk(x)∣2
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δρ(x)
∂ρ(x)
∂nk

= ∫ dx φ∗k(x)v
Hxc

(x)φk(x) = vHxckk

⇒ vDFT
kl = vHxckl = ∫ dx φ∗k(x)

δEHxc

δρ(x)
φl(x)
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1MFT

v1MFT
kl = ∫ dx∫ dx ′ φ∗k(x)

δW

δγ(x ′,x)
φl(x ′)

full derivation
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Extra’s
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Hartree-Fock

The HF functional again

WHF
[{φ},{n}] =

1

2
∑
rs

nrnswrssr −
1

2
∑
rs

nrnswrsrs

Also valid for fractional occupation numbers?
Lieb showed that EHF ≥ ⟨Φ0∣Ĥ ∣Φ0⟩

Φ0(x1, . . . ,xN) =
1

√
N!

RRRRRRRRRRRRRR

φ1(x1) . . . φ1(xN)

⋮ ⋱ ⋮

φN(x1) . . . φN(xN)

RRRRRRRRRRRRRR
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1MFT

W 1MFT
=W [γ] γ(x ,x ′) =∑

k

nkφk(x)φ∗k(x
′
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