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Exact DFT functionals
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Pure state functional (Levy)

WL[⇢] = min
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Mixed state functional (Valone/Lieb)
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Kinetic energy
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Impossible (so far) with a kinetic energy functional of the 
density alone

No success to bind molecules

Be atom



Kohn–Sham system (1965)

E[⇢] = T [⇢] + V [⇢] +W [⇢]

Direct approximation of           problematicT [⇢]

Approximate by Ts[⇢] Approximate by WH[⇢]

WH[⇢] =
1

2

Z
dr1

Z
dr2

⇢(r1)⇢(r2)

|r1 � r2|

non-interacting electrons can describe shell-
structure and molecular bonding



Kohn–Sham system

Tc[⇢] = T [⇢]� Ts[⇢] Wxc[⇢] = W [⇢]�WH[⇢]

E[⇢] = Ts[⇢] + V [⇢] +WH[⇢] + Exc[⇢]

Exc: stupidity energy (Feynman)

Exc[⇢] =
�
T [⇢]� Ts[⇢]

�
+
�
W [⇢]�WH[⇢]

�exchange-correlation energy:



Kohn-Sham system
Universal functional of non-interacting system

[though constraint can (and will) mess up: CH2 and C2]

⇢(r) =
X

i

ni|�i(r)|2

✓
�1

2
r2 + vs[⇢](r)

◆
�i(r) = ✏i�i(r)

We expect Slater determinant as solution

Ts[⇢] = min
�!⇢

h�|T̂ |�i = min
�!⇢

T [�]
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Kohn–Sham potential

�F

�⇢(r)
= �v(r) + µ

F [⇢] = Ts[⇢] +WH[⇢] + Exc[⇢]

�Ts

�⇢(r)
= �vs(r) + µs

�E

�v(r)
= ⇢(r)exact:

�Es

�vs(r)
= ⇢(r)KS:

vH(r) :=

Z
dr0 ⇢(r0)w(|r� r0|) vxc(r) :=

�Exc

�⇢(r)

vs[⇢](r) = v(r) + vH[⇢](r) + vxc[⇢](r) +�µ

F [⇢] = E
⇥
v[⇢]� µ

⇤
�
Z

dr
�
v[⇢](r)� µ

�
⇢(r)

��
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How to model Wxc[𝜌]?

• W: interaction of N particles with N-1 particles
• WH: interaction of N particles with N particles

→ Wxc: interaction of N particles with -1 particle

W =
1

2

Z
dr1

Z
dr2

P (r1, r2)

|r1 � r2|

Removal of self-interaction



The xc-hole

=
1

2

Z
drref

Z
dr ⇢(rref)

⇢xc(r|rref)
|rref � r|

Z
dr ⇢xc(r|rref) = �1

Wxc =
1

2

Z
dr1

Z
dr2

P (r1, r2)� ⇢(r1)⇢(r2)

|r1 � r2|

 xc-hole:⇢xc(r|rref) =
P (r, rref)

⇢(rref)
� ⇢(r)



Z
dr ⇢c(r|rref) = 0

⇢xc(r|rref) = ⇢x(r|rref) + ⇢c(r|rref)

Z
dr ⇢x(r|rref) = �1

⇢x(r|rref) = �1

2

|�s(r, rref)|2

⇢(rref)

The x-hole
Ps(r1, r2) = ⇢(r1)⇢(r2)�

1

2
|�s(r1, r2)|2



Example: H2

Hartree–Fock

S := h1sa|1sbi

1�g(r) =
1p

2(1 + S)

�
1sa(r) + 1sb(r)

�

1�u(r) =
1p

2(1� S)

�
1sa(r)� 1sb(r)

�

 (r1, r2) = cg1�g(r1)1�g(r2) + cu1�u(r1)1�u(r2) + · · ·



Example: H2
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⇢x(r|rref) = �1

2

|�s(r, rref)|2

⇢(rref)

H2 Kohn–Sham
⇢(r) = 2|�g(r)|2

= �|�g(r)|2

x-hole independent of rref!

= �1

2
⇢(r)

) �g(r) =
p

⇢(r)/2
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H2 holes at RH–H = 5 Bohr
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H2 equilibrium holes
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Z
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How to deal with Tc[𝜌]?
Ĥ� = T̂ + V̂� + �Ŵ
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C.O. Almbladh, Tech. Rep. (University of Lund, 1972)
D.C. Langreth and J.P. Perdew, Solid State Commun. 17, 1425 (1975)

v� ⇢� = ⇢1such that



T � Ts +W =
1

2

Z
dr1

Z
dr2 P̄ (r1, r2)w(r1, r2)

Fundamental theorem of calculus

E1 � E0 =

Z 1

0
d�

@ E�

@ �

T + V +W � Ts � Vs

V � Vs

P̄ (r1, r2) :=

Z 1

0
d�P�(r1, r2)

=

Z
dr

�
v1(r)� v0(r)

�
⇢(r) +

1

2

Z
dr1

Z
dr2 P̄ (r1, r2)w(r1, r2)

Exc =
1

2

Z
dr1

Z
dr2

�
P̄ (r1, r2)� ⇢(r1)⇢(r2)

�
w(r1, r2)



=
1

2

Z
drref

Z
dr ⇢(rref)

⇢̄xc(r|rref)
|rref � r|

⇢̄xc(r|rref) :=
P̄ (r, rref)

⇢(rref)
� ⇢(r)averaged xc-hole:

Averaged xc-hole

Exc =
1

2

Z
dr1

Z
dr2

�
P̄ (r1, r2)� ⇢(r1)⇢(r2)

�
w(|r1 � r2|)

exchange-correlation energy:



Local Density Approximation 
(Perdew: LSD)

Exc =
1

2

Z
drref

Z
dr ⇢(rref)

⇢̄xc(r|rref)
|rref � r|
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The Coulomb interaction mainly probes the 
region close to the reference positions.

If density does not vary too much, we can 
approximate the density to have the constant 
value of the one at the reference position 

⇢̄xc(r|rref) ⇡ ⇢̄LDA

xc
(r|rref) = ⇢̄HEG

xc

�
⇢(rref), |r� rref|

� ��
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Homogeneous Electron Gas



Local Density Approximation
�s(r12, kF ) =

k3F
⇡2

sin(kF r12)� kF r12 cos(kF r12)

(kF r12)3

kF := 3
p

3⇡2⇢

Ex = �↵ 3

r
3

8⇡

Z
dr ⇢(r)

4
3 ↵ =

2

3

from parametrised QMC data⇢̄HEG

c
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exact
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LDA energy for H2



H2 LDA holes at RH–H = 5 Bohr

=

+



LDA summary

• Bad approximation to x-hole and c-hole


• Decent approximation to full xc-hole


• Slater’s Xα method α=2/3 → 0.7 (1963)


• Usually better than HF and cheaper!



• Gradient Expansion Approximation


• GEA’s fail due to oscillations (Perdew)


• Generalized Gradient Approximation: 


‣ cut-off oscillations


‣ renormalize hole to -1


• Becke’s fit to atoms made DFT popular in chemistry

Include gradients (GGA)



exact

HF
LDA

GGA

en
er

gy
 [a

.u
.]

−1.2

−1.1

−1.0

−0.9

−0.8

RH-H [a.u.]
1 2 3 4 5 6 7 8 9 10

GGA energy for H2



Include “exact” exchange?
LDA-hole exact hole

Only fractional amount needed ≈ 20%

⇢x(r|rref) = �1

2

|�s(r, rref)|2

⇢(rref)



RH–H = 
2 Bohr

H2 xLDA (20%) holes

RH–H = 
5 Bohr
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Approximations in 1RDM 
functional theory

• Kinetic energy is exact, no KS system needed


• No difficult stuff with a coupling constant integration 
needed to include kinetic correlation effects


• We can just work with the plain xc-hole:                   .⇢xc(r|rref)
��
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Exact 1RDM functionals
WL[�] = min

 !�
h |Ŵ | i
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Pure state functional (Levy)

WV[�] = min
⇢̂!�
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Mixed state functional (Valone)
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Two-electrons (singlet)
 (x1,x2) =  (r1, r2)⌃(�1,�2)
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• eigenfunctions are NOs


• eigenvalues related to occupations as |ck|2 = nk
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P.-O. Löwdin and H. Shull, Phys. Rev. 101, 1730 (1956)



Exact singlet functional 
(Löwdin–Shull)

h�k�l|�m�ni :=
Z
dr1

Z
dr2

�⇤
k(r1)�

⇤
l (r2)�m(r1)�n(r2)

|r1 � r2|
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• Good approximation                and


• However, for Van der Waals need alternating signs

f1 = +1
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P.-O. Löwdin and H. Shull, Phys. Rev. 101, 1730 (1956) 
KG and R. Van Leeuwen, J. Chem. Phys. 139, 104110 (2013)



Hartree-Fock

Coulomb Exchange

• Only integrates to -1 for idempotent 1RDM (               ).


• Change the power to make it always correct

n2
r = nr

��
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2

X

rs

nrnsh�r�s|�s�ri
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Integral of HF x-holeZ
dr ⇢HF

x
(r|rref) = � 1

⇢(rref)

X

r

n2

r|�r(rref)|2
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Müller = Buĳse Baerends 
functional

WM[�] =
1

2

X

rs

nrnsh�r�s|�r�si �
1

2

X

rs

p
nrnsh�r�s|�s�ri

��
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P (x1,x2) ⇤ 0
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→ no variational upper bound

Conjecture: Always a lower bound for energy

For 2 electrons variational lower bound, i.e. EM  Eexact
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M=BB for H2
can apply one of the general optimization tech-
niques to find the minimum. In our implementa-
tion the BFGS iterative Hessian update
optimization procedure has been employed [27]
during the iterations. After an update of the C
matrix has been obtained from the gradients and
the (updated) Hessian, the new NOs are made
orthogonal by the application of a few ‘purifica-
tion’ cycles,

~CC ¼ CS"1=2 ¼ C
3

2
I

!

" 1

2
S

"

;

with S ¼ CyDC.
With the routine available to calculate the op-

timized orbitals and the energy minimum for a
given set of occupation numbers, the optimization
of the occupation numbers can be carried out by
using the derivative of the energy with respect to
the occupation numbers which can be straight-
forwardly evaluated

dE
dn k

¼ vk ĥh
#

#

#

#

#

#vk
D E

þ
X

j

n jJkj "
X

j

1

2

ffiffiffiffiffi

n j
n k

r

Kkj: ð13Þ

It has mostly been unnecessary to use the gradi-
ents, the Powell optimization routine from [27]
which does not employ the gradients proved to be
effective. The vector of occupation numbers is
optimized under the constraints 06 n i 6 2 and
P

i n i ¼ Nel.

3. Results

We present in Fig. 2a the dissociation curves
for H calculated with the CH and CHF methods,
respectively. For comparison the Hartree–Fock
and the virtually exact full CI curves (calculated
with the Brueckner doubles method in the CAD-

PACPAC program [28]) are also given. It is interesting
that when 2 active orbitals are used ð1rg and 1ru)
in the CH method, a large improvement over HF
is obtained around the equilibrium bond length
and a perfect dissociation to two hydrogen atoms
is achieved. This fits in with the results of [11,12]
for this case. However, the fact that the exact
total energy is not a lower bound to the CH en-
ergy expression, is showing up when the number

of active orbitals is increased. With 4 active orb-
itals ð1rg; 1ru; 2rg; 2ruÞ the performance close to
Re is actually quite good, but at longer distances
(3 bohr and beyond) the total energy is dropping
below the exact one, the asymptotic limit being
well below the exact )1 hartree of two H atoms
()0.9975 hartree with the basis used). When we
increase the number of active orbitals with two
more (now adding the 1pu set of orbitals), the
curve drops below the exact one already at equi-
librium geometry. We have checked whether the
energy continues to become lower when the

Fig. 2. (a) Energy versus R(H–H) distance of the H2 molecule
for Hartree–Fock and Brueckner Doubles (BD) (drawn lines),
for corrected Hartree–Fock (CHF) with 2, 4 and 6 active orb-
itals (dash-dot lines) and for corrected Hartree (CH) with 2, 4
and 6 active orbitals (dashed lines). (b) Energy versus R(Li–Li)
distance of the Li2 molecule for Hartree–Fock and Brueckner
Doubles (BD) (drawn lines), for corrected Hartree–Fock (CHF)
with 4 and 6 active orbitals (dash-dot lines) and for corrected
Hartree (CH) with 4 and 6 active orbitals (dashed lines).
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Müller

A. Cohen and E.J. Baerends, Chem. Phys. Lett. 364, 409 (2002)



BBCorrected 
(repulsive modifications)

BBC2 achieve the best performance among the functionals
considered, with the same relatively small average absolute
error of Ec of 8% for both functionals.

To sum up, the BBC corrections greatly improve the
quality of the BB potential energy curves obtained with non-
self consistent DMFT calculations with MRCI !!i" and !ni".
In this type of calculation the BBC2 functional shows the
best overall performance. In the following section it will be
shown that the energy lowering due to the self-consistent
optimization significantly improves the atomic and molecu-
lar energies obtained with the BBC3 functional, so that the
latter emerges as the best self-consistent functional.

V. SELF-CONSISTENT CALCULATIONS OF THE
POTENTIAL ENERGY CURVES WITH THE
BBC FUNCTIONALS

Though the post-CI calculations presented in the preced-
ing section are useful for the assessment and further devel-
opment of the DMFT methods, in a full-fledged DMFT
method all quantities should be calculated in a self-consistent
manner. Obviously, a variational, self-consistent energy
minimum of an approximate DMFT functional is lower than
its energy calculated with any nonvariational NOs and their
occupancies, even with the best MRCI !!i" and !ni". In par-
ticular, while the BBC2 energies obtained in the post-CI cal-
culations are rather close to the MRCI ones #see the preced-
ing section$, the self-consistent BBC2 energies appear to be
consistently lower than the corresponding MRCI %or full-
configuration interaction #FCI$ where it was possible to cal-
culate them& values. Since BBC2 is obtained from BBC1
with the repulsive correction C2, the self-consistent BBC1
energies are lower than the already too low BBC2 energies.
On the other hand, the C3 repulsive correction, which makes
the post-CI BBC3 energies too high, produces self-consistent
BBC3 energies that appear to be rather close #and in some
cases very close$ to the MRCI ones. This discrepancy means,
of course, that the self-consistent DMFT NOs and their oc-
cupations differ from the corresponding MRCI #close to ex-
act$ !!i" and !ni". The ultimate goal, of course, is to formu-
late NO dependent xc functionals that yield self-consistently
optimized orbitals that are close to the exact NOs, so the
discrepancy between energies based on exact NOs and on
optimized orbitals would disappear. We note that there is no
proof for variational stability of the functionals we are inves-
tigating. For the BB #CH$ functional the possibility of varia-
tional collapse has been investigated for the H2 molecule, as
a function of basis set and of the number of “active” orbitals
#“virtual” orbitals that are allowed to acquire occupations$.16

It was concluded that variational collapse does not show up.
This has been confirmed by Herbert and Harriman with
larger basis sets and for other systems.17

Figures 6–10 display the potential energy curves for the
prototype molecules obtained with self-consistent calcula-
tions with the BB, GU, and BBC3 functionals. They are
compared with the FCI results in the case of H2, LiH, Li2,
and BH #and He, Be in Table II$ or MRSDCI results in the
case of HF and Ne. As a natural reference, the restricted
Hartree–Fock #HF$ curves in the same bases are also in-
cluded. Because of the computationally more demanding or-

bital optimization, the basis sets are smaller than in the pre-
ceding section. The absolute energies of Figs. 6–10 are
therefore not directly comparable to those of Figs. 1–5. For
atoms the cc-pVQZ #Ref. 26$ basis set was employed with
the exclusion of the g and one of the f orbitals for Be and
Ne. For molecules composed of at least one light atom, i.e.,
for H2, LiH, BH, and HF, the correlation-consistent polarized
valence triple-zeta basis set #cc-pVTZ$ was used from which
the f orbital for heavy atoms was excluded, whereas for the
Li2 molecule a smaller cc-pVDZ basis set was used. It
should be emphasized that the employed basis sets are still
relatively large compared to previous calculations16,21 and
we did not freeze any orbitals throughout the optimization
calculations. Fully variational DMFT calculations involve

FIG. 6. Energy curves for the molecule H2 with self-consistent determina-
tion of the NOs and NO occupation numbers for each NO functional. For
basis see text.

FIG. 7. Energy curves for the LiH molecule with self-consistent determina-
tion of the NOs and NO occupation numbers for each NO functional. For
basis see text.
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Anti-symmerised strongly 
orthogonal geminals (APSG)

 APSG(x1, . . . ,xN ) = Â
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Geminal = 2-electron function
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Strongly orthogonal geminals:



Anti-symmerised strongly 
orthogonal geminals (APSG)

Strongly orthogonality of the geminals implies:

NOs
Disjoint subsets

Each geminal has its own ‘private’ NO space

|ci|2 = ni
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Löwdin-Shull (two-electron) like expansion

 LS
r (x1,x2) =

X

i2Ir

ci�i(x1)�i(x2)
��

<latexit sha1_base64="SBT24dKNQSNfR9P+ARrBG9w1m2A="></latexit>



Anti-symmerised strongly 
orthogonal geminals (APSG)

Intra-geminal term (LS like)

Inter-geminal term (HF-like)

WAPSG =
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Within one geminal
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• Via perturbation theory (Piris)


• Via fluctuation dissipation theorem (Pernal)


• Via linearised coupled cluster (Surján, Ayers)


• Learn from accurate calculations which additional terms 
are required (Meer, Gritsenko, Baerends)

Inter-geminal correlation
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FIG. 4. Potential energy curves for N2 and H2O for
multiple bond breaking (symmetrical stretch in H2O).
(a) H2O symmetrical stretch. (b) N2.

handpicked after several grid optimizations were performed
for the target molecules (both in the aug-cc-pVDZ and 6-31G
basis, all potential energy curves shown use the aug-cc-pVDZ
basis). The potential energy curves for single bond breaking
are shown in Figs. 2 and 3, while the potential energy curves
for multibond breaking are shown in Fig. 4. The dissociation
energies are shown in Table XI. The results for the Hartree-
Fock (often truncated due to its extremely poor performance
when bonds are broken), APSG (which reduces to general-
ized valence bond with perfect pairs, GVB-PP ⌘ PNOF5, due
to the PP set choice), ELS-D, and ELS-D-M functionals are
shown. The CASSCF (active space uses the same number of
orbitals as there are valence electrons) and MR-CI results are
also depicted. The MR-CI curves simply serve as a reminder of
how much correlation energy is still missing when truncating
the active space. The CASSCF curves effectively serve as the
true benchmark value for the approximate DMFT function-
als that we are using here since they have the same PP active

space. The single bond curves [CH4, NH3, H2O-single-bond
(asymmetric stretch), FH] show similar trends. The ELS-D
and ELS-D-M curves are quite close to the CASSCF curves
and nearly on top of each other due to the lack of multibond
breaking in these systems (Figs. 2 and 3). They generally

TABLE XI. Dissociation energies for various methods in kcal/mol. The dis-
sociation limit is defined as the point where the bond is stretched to 3 times
the equilibrium length (4 times for FH).

HF CI CASSCF APSG ELS-D ELS-D-M

CH4 178.8 112.3 105.8 102.0 113.7 111.2
NH3 190.9 110.7 107.4 96.4 116.0 115.8
H2O 209.9 118.4 119.9 102.3 127.1 124.2
FH 474.0 134.8 138.5 114.4 142.3 141.1
H2O 2b 368.2 218.3 216.8 197.6 236.0 222.7
N2 617.6 202.7 215.5 230.9 283.5 219.3

Inter-geminal correlation

R. Van Meer, O.V. Gritsenko and E.J. Baerends, J. Chem. Phys. 148, 104102 (2018) 

H2O symmetric stretch



• Kohn-Sham system needed to give reasonable kinetic energy 
functional: crucial for success of DFT


• Rationalisation of xc-functional via xc-hole


• Kinetic energy effects included via coupling constant 
integration


• Kinetic energy functional is explicit in 1RDM-FT: no KS & 
coupling constant integration needed


• Approximate 1RDM functionals via xc-hole models or 
augmentation of specific wave-function models (APSG)

Summary


