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Content

• “Reduced stuff” functional theories


• Karush-Kuhn-Tucker conditions


• Approximations


• Making the theory work: finite one-particle basis & 
temperature
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Solving the Schrödinger 
equation

# electrons: 102

# points per coordinate: 10
# coordinates: 306

total # points: 10306

need at least 1017-bit addressing

10294 hard disks of 1TB

QMA-hard: even on quantum computer exponentially scaling



Data compression

explicit

more efficient representation of 
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try to by-pass     and calculate observables directly 
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implicit

Most data in     is not interesting/relevant 
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Is DFT not enough?
Nuclear potential & electric field

Magnetic field in z-direction (co-linear spin)

General magnetic field (non co-linear spin)

Magnetic field also effect on the currents via vector potential

Be prepared for anything (1RDM)
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The 1RDM
1RDM = One-body reduced density matrix = 1-matrix
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<latexit sha1_base64="0lJoNHaMt3Vq/2gwAVO3BO0yL2w="></latexit>

Equivalent (for fixed N)
Z
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One-body operator
Ô1 =

NX

i=1

ô(xi)
��

<latexit sha1_base64="L4HghBvl6G2zkC1uHRhDXO1FO7E="></latexit>
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Linear operator
Â(v + w) = Âv + Âw

��
<latexit sha1_base64="TVuQqYy9h28VzlGj7SPD3HfOKsQ="></latexit>
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Aij = ai�ij ) A(x,x0) = a(x)�(x� x0)
��

<latexit sha1_base64="IeR9Zj3lUYnm2Ikzw/6oST64VgQ="></latexit>
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<latexit sha1_base64="ws9O20Kvrirtz+hZNSME87B9vO8="></latexit>

Discrete index (vectors) Continuous index (functions)

Diagonal operator (multiplication)

local = multiplicative 

non-local
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Kinetic example
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Kinetic example
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Energy components

T [�] =

Z
dx
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Kinetic energy

V [⇢] =

Z
dr v(r)⇢(r)

��
<latexit sha1_base64="3wWlSX8GEVD3DDBhU0BaQ+hf6dU="></latexit>

Scalar potential (nuclei)



Pair density
P (x1,x2) := N(N � 1)

Z
dx3 · · ·

Z
dxN | (x1,x2,x3, . . . ,xN )|2
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<latexit sha1_base64="OuUITyeG/t/JiMRSbmBExgdLRS8="></latexit>
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<latexit sha1_base64="3XKp9CInyeyET+nRId+/+8mM3no="></latexit>

Equivalent (for fixed N)
P (x1,x2) := h | ̂†(x1) ̂

†(x2) ̂(x2) ̂(x1)| i
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<latexit sha1_base64="P3pRIXr+J2rvlBNNLvWhQen1X2A="></latexit>

E = T [�] + V [⇢] +W [P ]
��

<latexit sha1_base64="kXg5Z50KglHQkp2WBopYcXbhz5o="></latexit>



Energy functional

⇢  P
" "
�  �
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P (x1,x2) = �(x1,x2;x2,x1)
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<latexit sha1_base64="Xl08qNiK9VtMaJuFyiy/xdY7o0k="></latexit><latexit sha1_base64="Xl08qNiK9VtMaJuFyiy/xdY7o0k="></latexit><latexit sha1_base64="Xl08qNiK9VtMaJuFyiy/xdY7o0k="></latexit><latexit sha1_base64="Xl08qNiK9VtMaJuFyiy/xdY7o0k="></latexit>

E = T [�] + V [⇢] +W [P ]
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<latexit sha1_base64="J5UMNDekTWSTWQl4y1oc7uK+QQI="></latexit>

E[�]
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2RDM functional
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�(x1,x2;x2,x1) = P (x1,x2) � 0
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and more!

Tr{�} = N(N � 1)
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PN := {� : 9 ! �}
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min
�2PN

E[�] = E0
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= N-representable 2RDMs

inf
�

E[�] = �1
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E[·]
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� E0
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�
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 E0
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complexity approximated energy

explicit explicit

explicit tough

Comparison

m
<latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit> = 1D grid size

mdN
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m4d
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= dimensiond
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PN := {⇢ : 9 ! ⇢} = {⇢ : ⇢ � 0 and

Z
dr ⇢(r) = N}
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<latexit sha1_base64="F+CWk6izjVrvQlCsdOv8BScSyVg="></latexit>



Density Functional Theory

v(r)
��

<latexit sha1_base64="Y8IXa1lA5hbv7LzBSxrOS0FUydY="></latexit>

Back mapping: HK

 gs(x1, . . . )
��

<latexit sha1_base64="YvH6LjJrO+DRAl1oQqh4lyw+jUM="></latexit>

Z
| |2

��
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⇢gs(r)
��

<latexit sha1_base64="tmuJnKMWJZvu8BSatumqNf3D1jI="></latexit>

minh |Ĥ| i
��
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Hohenberg–Kohn I

�
T̂ + V̂1 + Ŵ

�
 = E1 
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T̂ + V̂2 + Ŵ

�
 = E2 
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Suppose      and      yield samev1
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(V̂1 � V̂2) = (E1 � E2) 
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–

If     does not vanish on an open set (probably true): divide! 
<latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit>

V̂1 � V̂2 =
NX

i=1

�
v1(ri)� v2(ri)

�
= E1 � E2 = const.
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P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)



Hohenberg–Kohn II
Suppose non-degenerate                 both yield  1 6=  2
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⇢
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P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)

E1 = h 1|T̂ + V̂1 + Ŵ | 1i
< h 2|T̂ + V̂1 + Ŵ | 2i

= h 2|T̂ + V̂2 + Ŵ | 2i+ h 2|V̂1 � V̂2| 2i

= E2 +

Z
dr ⇢(r)

�
v1(r)� v2(r)

�
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Hohenberg–Kohn II
Suppose non-degenerate                 both yield  1 6=  2

<latexit sha1_base64="OHrT9XTKK3sYR5jWvvLaECULZaY="></latexit><latexit sha1_base64="OHrT9XTKK3sYR5jWvvLaECULZaY="></latexit><latexit sha1_base64="OHrT9XTKK3sYR5jWvvLaECULZaY="></latexit><latexit sha1_base64="OHrT9XTKK3sYR5jWvvLaECULZaY="></latexit>

⇢
<latexit sha1_base64="Js4wylAvLo5j+xf0Tn3mWkysruk="></latexit><latexit sha1_base64="Js4wylAvLo5j+xf0Tn3mWkysruk="></latexit><latexit sha1_base64="Js4wylAvLo5j+xf0Tn3mWkysruk="></latexit><latexit sha1_base64="Js4wylAvLo5j+xf0Tn3mWkysruk="></latexit>

E1 < E2 +

Z
dr ⇢(r)

�
v1(r)� v2(r)

�
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E2 < E1 +

Z
dr ⇢(r)

�
v2(r)� v1(r)

�
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(1 $ 2)
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E1 + E2 < E1 + E2
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+

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)

Impossible! →            is unique gs[⇢]
��

<latexit sha1_base64="capPSbbRIwLfFf5KVJHOcvUSUqg="></latexit>



Density Functionals
Via HK mapping all observables functionals of density

Caveats:
• Degeneracy


• Only works for v-representable densities

VN := {⇢ : 9v ! ⇢ = ⇢gs}
��

<latexit sha1_base64="IOmiUs7uzF9zGK1Xt+1oYyiGckw="></latexit>

V-representable set

O[⇢] = h gs[⇢]|Ô| gs[⇢]i
��

<latexit sha1_base64="lMc1f1JyTZ3oxdKfToAAYkaYXEw="></latexit>



Energy as (Universal) 
Density Functional
Egs = min

 
h |Ĥ| i

= min
⇢

min
 !⇢

h |Ĥ| i

= min
⇢

 
V [⇢] + min

 !⇢
h |T̂ + Ŵ | i

| {z }
= FL[⇢]

!

<latexit sha1_base64="yI2ZN5QI0YYwWjPYe/Ys9tJ1cms="></latexit><latexit sha1_base64="yI2ZN5QI0YYwWjPYe/Ys9tJ1cms="></latexit><latexit sha1_base64="yI2ZN5QI0YYwWjPYe/Ys9tJ1cms="></latexit><latexit sha1_base64="yI2ZN5QI0YYwWjPYe/Ys9tJ1cms="></latexit>

N-representable densities: Any (positive) density integrating 
to an integer number of particles



V-repr haunts DFT

c =
�E

�⇢
=

�FL

�⇢
+ v(r)

��
<latexit sha1_base64="d1G/crYHyI6v+EitAHyPLy1dCFQ="></latexit>

To find stationary point:

�FL

�⇢
= �v(r) + c

��
<latexit sha1_base64="FO41PAxRd+HgRVJoa/qbq7bURCI="></latexit>

�FL

�⇢

��
<latexit sha1_base64="U1Br73AIv568aDsiWvwMyOpxZwQ="></latexit>

is only defined for v-representable densities…



E[·]
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PN
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� E0
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�
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 E0
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⇢
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min
 !⇢

h |T̂ + Ŵ | i
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complexity approximated energy

explicit explicit

explicit tough

implicit easy

Comparison

m
<latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit> = 1D grid size

mdN
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m4d
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= dimensiond
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md
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1RDM Functional Theory
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Ĥ = E 
<latexit sha1_base64="fuvTXIVKW+cd+ruEk3aNP/utGeg="></latexit><latexit sha1_base64="fuvTXIVKW+cd+ruEk3aNP/utGeg="></latexit><latexit sha1_base64="fuvTXIVKW+cd+ruEk3aNP/utGeg="></latexit><latexit sha1_base64="fuvTXIVKW+cd+ruEk3aNP/utGeg="></latexit>

??

T.L. Gilbert, Phys. Rev. B 12, 2111 (1975)

v(x,x0)
<latexit sha1_base64="YVO71GOA+EUoAvg+Rya4+Qawm2c="></latexit><latexit sha1_base64="YVO71GOA+EUoAvg+Rya4+Qawm2c="></latexit><latexit sha1_base64="YVO71GOA+EUoAvg+Rya4+Qawm2c="></latexit><latexit sha1_base64="YVO71GOA+EUoAvg+Rya4+Qawm2c="></latexit>

�(x,x0)
<latexit sha1_base64="ynV5XeRQ+tuqbZ+SRNcz+USQEkU="></latexit><latexit sha1_base64="ynV5XeRQ+tuqbZ+SRNcz+USQEkU="></latexit><latexit sha1_base64="ynV5XeRQ+tuqbZ+SRNcz+USQEkU="></latexit><latexit sha1_base64="ynV5XeRQ+tuqbZ+SRNcz+USQEkU="></latexit>

V [�] =

Z
dx

Z
dx0 v(x,x0)�(x0,x)

<latexit sha1_base64="j8AIeIzKWqbf1jQ3bJHkXfl+wzk="></latexit><latexit sha1_base64="j8AIeIzKWqbf1jQ3bJHkXfl+wzk="></latexit><latexit sha1_base64="j8AIeIzKWqbf1jQ3bJHkXfl+wzk="></latexit><latexit sha1_base64="j8AIeIzKWqbf1jQ3bJHkXfl+wzk="></latexit>

Dimensionality of 1RDM requires non-local potential as 
conjugate variable

Z
dx2 · · ·

Z
dxN

<latexit sha1_base64="/taJUXv/6pCHbjbLBSO5CoDvCuU="></latexit><latexit sha1_base64="/taJUXv/6pCHbjbLBSO5CoDvCuU="></latexit><latexit sha1_base64="/taJUXv/6pCHbjbLBSO5CoDvCuU="></latexit><latexit sha1_base64="/taJUXv/6pCHbjbLBSO5CoDvCuU="></latexit>



Diagonalisation 1RDM
�(x,x0) =

X

k

nk�k(x)�
⇤
k(x

0)
<latexit sha1_base64="1EoeGdnkkQeBv0AA5th8jLQnu7U="></latexit><latexit sha1_base64="1EoeGdnkkQeBv0AA5th8jLQnu7U="></latexit><latexit sha1_base64="1EoeGdnkkQeBv0AA5th8jLQnu7U="></latexit><latexit sha1_base64="1EoeGdnkkQeBv0AA5th8jLQnu7U="></latexit>

•           :  natural (spin-)orbitals (NOs)


•           :  (natural) occupation numbersnk
<latexit sha1_base64="YN0tpOYcpc7m/QSIKkmgelwlIbE="></latexit><latexit sha1_base64="YN0tpOYcpc7m/QSIKkmgelwlIbE="></latexit><latexit sha1_base64="YN0tpOYcpc7m/QSIKkmgelwlIbE="></latexit><latexit sha1_base64="YN0tpOYcpc7m/QSIKkmgelwlIbE="></latexit>

�k(x)
<latexit sha1_base64="5EKKb4rf0HyPtYRlB5rzFMP0f8M="></latexit><latexit sha1_base64="5EKKb4rf0HyPtYRlB5rzFMP0f8M="></latexit><latexit sha1_base64="5EKKb4rf0HyPtYRlB5rzFMP0f8M="></latexit><latexit sha1_base64="5EKKb4rf0HyPtYRlB5rzFMP0f8M="></latexit>

tr{�} =
X

k

nk = N
<latexit sha1_base64="8t7Rv1NWummPlB/KwqJIdIPY/OA="></latexit><latexit sha1_base64="8t7Rv1NWummPlB/KwqJIdIPY/OA="></latexit><latexit sha1_base64="8t7Rv1NWummPlB/KwqJIdIPY/OA="></latexit><latexit sha1_base64="8t7Rv1NWummPlB/KwqJIdIPY/OA="></latexit>

0  nk  1
<latexit sha1_base64="lvZMZzB47njeSO0mM82TkbywiAA="></latexit><latexit sha1_base64="lvZMZzB47njeSO0mM82TkbywiAA="></latexit><latexit sha1_base64="lvZMZzB47njeSO0mM82TkbywiAA="></latexit><latexit sha1_base64="lvZMZzB47njeSO0mM82TkbywiAA="></latexit>

fermions: 

0  nk < 1
��

<latexit sha1_base64="N+fHHDELh5N2MUD0GQFzRlQLm9c="></latexit>

bosons: 

Bounds on occupations numbers

P.-O. Löwdin, Phys. Rev. 97, 1474 (1955)



Hohenberg–Kohn I
(V̂1 � V̂2) = (E1 � E2) 

<latexit sha1_base64="O5rYzApemaM1Df5dR6Op8tqCpXg="></latexit><latexit sha1_base64="O5rYzApemaM1Df5dR6Op8tqCpXg="></latexit><latexit sha1_base64="O5rYzApemaM1Df5dR6Op8tqCpXg="></latexit><latexit sha1_base64="O5rYzApemaM1Df5dR6Op8tqCpXg="></latexit>

T.L. Gilbert, Phys. Rev. B 12, 2111 (1975)

No division by     possible!  → no HK I 
<latexit sha1_base64="yiccmlvm0UEvRTiTzBA7b5oDiK0="></latexit><latexit sha1_base64="yiccmlvm0UEvRTiTzBA7b5oDiK0="></latexit><latexit sha1_base64="yiccmlvm0UEvRTiTzBA7b5oDiK0="></latexit><latexit sha1_base64="yiccmlvm0UEvRTiTzBA7b5oDiK0="></latexit>

V [�] =

Z
dx

Z
dx0 �(x,x0)v(x0,x) =

X

k

nkh�k|v̂|�ki
<latexit sha1_base64="FuTJJeX3kUzjUF9ldPTO2/2XkH4="></latexit><latexit sha1_base64="FuTJJeX3kUzjUF9ldPTO2/2XkH4="></latexit><latexit sha1_base64="FuTJJeX3kUzjUF9ldPTO2/2XkH4="></latexit><latexit sha1_base64="FuTJJeX3kUzjUF9ldPTO2/2XkH4="></latexit>

• Potentials coupling to zero occupation problematic


• Many more [KG, J. Chem Phys. 143, 054102 (2015)]



Hohenberg–Kohn II

T.L. Gilbert, Phys. Rev. B 12, 2111 (1975)

 $ �
<latexit sha1_base64="vF2NKifxHOwtd/mGebRzb83RNZs="></latexit><latexit sha1_base64="vF2NKifxHOwtd/mGebRzb83RNZs="></latexit><latexit sha1_base64="vF2NKifxHOwtd/mGebRzb83RNZs="></latexit><latexit sha1_base64="vF2NKifxHOwtd/mGebRzb83RNZs="></latexit>

HK II works!

O[�] = h [�]|Ô| [�]i
<latexit sha1_base64="nHOLeRZqx9JSUogMYFZKeqIEeVk="></latexit><latexit sha1_base64="nHOLeRZqx9JSUogMYFZKeqIEeVk="></latexit><latexit sha1_base64="nHOLeRZqx9JSUogMYFZKeqIEeVk="></latexit><latexit sha1_base64="nHOLeRZqx9JSUogMYFZKeqIEeVk="></latexit>

v(x,x0)  �(x,x0)

HK IIHK I

Do not need multiplicativity of potential in HK II



Universal Functionals
E[�] = h [�]|Ĥ| [�]i

=
X

k

nk

⌦
�k

��� 1
2r

2 + v̂
���k

↵
+ h [�]|Ŵ | [�]i| {z }

<latexit sha1_base64="tRbvW9eKdTeHfSJqhSZ8F7uS8ak="></latexit><latexit sha1_base64="tRbvW9eKdTeHfSJqhSZ8F7uS8ak="></latexit><latexit sha1_base64="tRbvW9eKdTeHfSJqhSZ8F7uS8ak="></latexit><latexit sha1_base64="tRbvW9eKdTeHfSJqhSZ8F7uS8ak="></latexit>

= WHK
<latexit sha1_base64="O0xXS93KTv8njWQp+4mHg4YriGo="></latexit><latexit sha1_base64="O0xXS93KTv8njWQp+4mHg4YriGo="></latexit><latexit sha1_base64="O0xXS93KTv8njWQp+4mHg4YriGo="></latexit><latexit sha1_base64="O0xXS93KTv8njWQp+4mHg4YriGo="></latexit>

T.L. Gilbert, Phys. Rev. B 12, 2111 (1975)

Same problem: Only defined for 1RDMs generated by 
ground states. Given a    , how do we know?�

<latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit>

Only interaction part implicit!



M. Levy, Proc. Natl. Sci. USA 76, 6062 (1979)

Universal Functionals
Egs = min

 
h |Ĥ| i

= min
�

min
 !�

h |Ĥ| i

= min
�

 
T [�] + V [�] + min

 !�
h |Ŵ | i

| {z }
= WL[�]

!

<latexit sha1_base64="V2+HhIwyJnA1C6oR4abMcC4wppo="></latexit><latexit sha1_base64="V2+HhIwyJnA1C6oR4abMcC4wppo="></latexit><latexit sha1_base64="V2+HhIwyJnA1C6oR4abMcC4wppo="></latexit><latexit sha1_base64="V2+HhIwyJnA1C6oR4abMcC4wppo="></latexit>

Pure-state N-representable 1RDMs: generalised Pauli constraints

Characterisation of                              is difficult in generalPN := { ! �}
<latexit sha1_base64="P/mKExKW7T631/+3Qy/oYSvxSd8="></latexit><latexit sha1_base64="P/mKExKW7T631/+3Qy/oYSvxSd8="></latexit><latexit sha1_base64="P/mKExKW7T631/+3Qy/oYSvxSd8="></latexit><latexit sha1_base64="P/mKExKW7T631/+3Qy/oYSvxSd8="></latexit>



Pure state N-repr
0  ni  1

��
<latexit sha1_base64="t69zeGMTSQf+hxe3QqTspQ6SWZk="></latexit>

Pauli constraints for fermions:

But not sufficient!

NbX

i=1

ni = N
��

<latexit sha1_base64="IovOtb0ZYy6+80IAqNAiL4Cdsi8="></latexit>

n1 + n6 = n2 + n5 = n3 + n4 = 1
��

<latexit sha1_base64="GwWwuDYYiViV0vabE7hFwI5GCkY="></latexit>

n5 + n6 � n4 � 0
��

<latexit sha1_base64="qun9R5BZBBuepRVImKAYagbxKrg="></latexit>

3 fermions in           6 orbitalsNb =
��

<latexit sha1_base64="KWnGOcgiS9jZkCdrX5aL9uiBgRs="></latexit>

N =
��

<latexit sha1_base64="hDeagrEdHkyIAUIsS2ufNdUpGp0="></latexit>

Example:

(ordered occupations from high to low)

R.E. Borland & K. Dennis, J. Phys. B 5, 7 (1970)



E[·]
<latexit sha1_base64="rBrbW3MHmUltGmfhYDevTVVjHAs="></latexit><latexit sha1_base64="rBrbW3MHmUltGmfhYDevTVVjHAs="></latexit><latexit sha1_base64="rBrbW3MHmUltGmfhYDevTVVjHAs="></latexit><latexit sha1_base64="rBrbW3MHmUltGmfhYDevTVVjHAs="></latexit>

PN
<latexit sha1_base64="mVimqpmdRtJ/ymEgQ6g5rQB5GhE="></latexit><latexit sha1_base64="mVimqpmdRtJ/ymEgQ6g5rQB5GhE="></latexit><latexit sha1_base64="mVimqpmdRtJ/ymEgQ6g5rQB5GhE="></latexit><latexit sha1_base64="mVimqpmdRtJ/ymEgQ6g5rQB5GhE="></latexit>

 
<latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit>

� E0
<latexit sha1_base64="EjJRz5dbyp5YQhcRHCU5yz0Na8Y="></latexit><latexit sha1_base64="EjJRz5dbyp5YQhcRHCU5yz0Na8Y="></latexit><latexit sha1_base64="EjJRz5dbyp5YQhcRHCU5yz0Na8Y="></latexit><latexit sha1_base64="EjJRz5dbyp5YQhcRHCU5yz0Na8Y="></latexit>

�
<latexit sha1_base64="RGDlnKijGguEoEXAhADe11gVDT8="></latexit><latexit sha1_base64="RGDlnKijGguEoEXAhADe11gVDT8="></latexit><latexit sha1_base64="RGDlnKijGguEoEXAhADe11gVDT8="></latexit><latexit sha1_base64="RGDlnKijGguEoEXAhADe11gVDT8="></latexit>

 E0
<latexit sha1_base64="qNHGCD2JF8eoo5e9nZacsUveD+8="></latexit><latexit sha1_base64="qNHGCD2JF8eoo5e9nZacsUveD+8="></latexit><latexit sha1_base64="qNHGCD2JF8eoo5e9nZacsUveD+8="></latexit><latexit sha1_base64="qNHGCD2JF8eoo5e9nZacsUveD+8="></latexit>

⇢
<latexit sha1_base64="f2xf13H6cahDAGiJOHJhDaAMUhE="></latexit><latexit sha1_base64="f2xf13H6cahDAGiJOHJhDaAMUhE="></latexit><latexit sha1_base64="f2xf13H6cahDAGiJOHJhDaAMUhE="></latexit><latexit sha1_base64="f2xf13H6cahDAGiJOHJhDaAMUhE="></latexit>

min
 !⇢

h |T̂ + Ŵ | i
<latexit sha1_base64="A3qWjng5aI8oQwltT9Sw4LHEXn4="></latexit><latexit sha1_base64="A3qWjng5aI8oQwltT9Sw4LHEXn4="></latexit><latexit sha1_base64="A3qWjng5aI8oQwltT9Sw4LHEXn4="></latexit><latexit sha1_base64="A3qWjng5aI8oQwltT9Sw4LHEXn4="></latexit>

�
<latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit>

complexity approximated energy

explicit explicit

explicit tough

implicit easy

implicit cumbersome

Comparison

m
<latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit> = 1D grid size

mdN
<latexit sha1_base64="Ja6Bsdj8B/LglvSTazshzGLZ00Y="></latexit><latexit sha1_base64="Ja6Bsdj8B/LglvSTazshzGLZ00Y="></latexit><latexit sha1_base64="Ja6Bsdj8B/LglvSTazshzGLZ00Y="></latexit><latexit sha1_base64="Ja6Bsdj8B/LglvSTazshzGLZ00Y="></latexit>

m4d
<latexit sha1_base64="TNtM3xfpDRQK2hs/rDJ7SR1ps0U="></latexit><latexit sha1_base64="TNtM3xfpDRQK2hs/rDJ7SR1ps0U="></latexit><latexit sha1_base64="TNtM3xfpDRQK2hs/rDJ7SR1ps0U="></latexit><latexit sha1_base64="TNtM3xfpDRQK2hs/rDJ7SR1ps0U="></latexit>

= dimensiond
<latexit sha1_base64="VdvFxDB0RBxLX9eGagjg3Y3K0Cw="></latexit><latexit sha1_base64="VdvFxDB0RBxLX9eGagjg3Y3K0Cw="></latexit><latexit sha1_base64="VdvFxDB0RBxLX9eGagjg3Y3K0Cw="></latexit><latexit sha1_base64="VdvFxDB0RBxLX9eGagjg3Y3K0Cw="></latexit>

md
<latexit sha1_base64="vHL08jyvQ5iu+bd0Ys5+U5JpgnM="></latexit><latexit sha1_base64="vHL08jyvQ5iu+bd0Ys5+U5JpgnM="></latexit><latexit sha1_base64="vHL08jyvQ5iu+bd0Ys5+U5JpgnM="></latexit><latexit sha1_base64="vHL08jyvQ5iu+bd0Ys5+U5JpgnM="></latexit>

m2d
<latexit sha1_base64="3W/nygLwUCxJZUdXRvKXXen4oU4="></latexit><latexit sha1_base64="3W/nygLwUCxJZUdXRvKXXen4oU4="></latexit><latexit sha1_base64="3W/nygLwUCxJZUdXRvKXXen4oU4="></latexit><latexit sha1_base64="3W/nygLwUCxJZUdXRvKXXen4oU4="></latexit>

min
 !�

h |Ŵ | i
<latexit sha1_base64="vj11cqNc10sdD+kVP3t0hYzQaXk="></latexit><latexit sha1_base64="vj11cqNc10sdD+kVP3t0hYzQaXk="></latexit><latexit sha1_base64="vj11cqNc10sdD+kVP3t0hYzQaXk="></latexit><latexit sha1_base64="vj11cqNc10sdD+kVP3t0hYzQaXk="></latexit>



Ensembles

⇢̂ =
X

K

wK | Kih K |
<latexit sha1_base64="31I8bfSaymBB/C4r8j75h4tDV/k="></latexit><latexit sha1_base64="31I8bfSaymBB/C4r8j75h4tDV/k="></latexit><latexit sha1_base64="31I8bfSaymBB/C4r8j75h4tDV/k="></latexit><latexit sha1_base64="31I8bfSaymBB/C4r8j75h4tDV/k="></latexit>

density-matrix operator:

X

K

wK = 1
<latexit sha1_base64="UFksXa4Zph2ohKiiEKRIviQ2kmg="></latexit><latexit sha1_base64="UFksXa4Zph2ohKiiEKRIviQ2kmg="></latexit><latexit sha1_base64="UFksXa4Zph2ohKiiEKRIviQ2kmg="></latexit><latexit sha1_base64="UFksXa4Zph2ohKiiEKRIviQ2kmg="></latexit>

0  wK( 1)
<latexit sha1_base64="zfMB6mDjYn42Hn2YbChYc+7XPAc="></latexit><latexit sha1_base64="zfMB6mDjYn42Hn2YbChYc+7XPAc="></latexit><latexit sha1_base64="zfMB6mDjYn42Hn2YbChYc+7XPAc="></latexit><latexit sha1_base64="zfMB6mDjYn42Hn2YbChYc+7XPAc="></latexit>

weights:

O =
X

K

wKh K |Ô| Ki = Tr{⇢̂ Ô
 

<latexit sha1_base64="cinOQLzBvf5N4w6VkZFQQ07tTAM="></latexit><latexit sha1_base64="cinOQLzBvf5N4w6VkZFQQ07tTAM="></latexit><latexit sha1_base64="cinOQLzBvf5N4w6VkZFQQ07tTAM="></latexit><latexit sha1_base64="cinOQLzBvf5N4w6VkZFQQ07tTAM="></latexit>

wI = 1 (wK 6=I = 0)
<latexit sha1_base64="THGMSiRpjIXDH3JZ/ftFzvv85uQ="></latexit><latexit sha1_base64="THGMSiRpjIXDH3JZ/ftFzvv85uQ="></latexit><latexit sha1_base64="THGMSiRpjIXDH3JZ/ftFzvv85uQ="></latexit><latexit sha1_base64="THGMSiRpjIXDH3JZ/ftFzvv85uQ="></latexit>

pure-state included as:

Tr
�
·
 
=
X

K

h�K | · |�Ki
��

<latexit sha1_base64="n7sblIJbY1XyEwtoLbTn8c9d/aI="></latexit>



A.J. Coleman, Rev. Mod. Phys. 35, 668 (1963) 
S.M. Valone, J. Chem. Phys. 73, 1344 (1980) 
E.H. Lieb, Int. J. Quantum Chem. 24, 243 (1983)

Universal Functionals
Ensemble N-representability: Pauli constraints sufficient!

X

k

nk = N
<latexit sha1_base64="G6liUyeznzUIVIj8VcxfhzLBZ0c="></latexit><latexit sha1_base64="G6liUyeznzUIVIj8VcxfhzLBZ0c="></latexit><latexit sha1_base64="G6liUyeznzUIVIj8VcxfhzLBZ0c="></latexit><latexit sha1_base64="G6liUyeznzUIVIj8VcxfhzLBZ0c="></latexit>

0  nk( 1)
<latexit sha1_base64="odizh0ymLiN6dD1vZF8hGZn8g7k="></latexit><latexit sha1_base64="odizh0ymLiN6dD1vZF8hGZn8g7k="></latexit><latexit sha1_base64="odizh0ymLiN6dD1vZF8hGZn8g7k="></latexit><latexit sha1_base64="odizh0ymLiN6dD1vZF8hGZn8g7k="></latexit>

Additional advantage: functional is now convex (also DFT)

WV [�] = min
⇢̂!�

Tr{⇢̂ Ŵ}
<latexit sha1_base64="GIRnSBaUtnOMaqtWMU9XZiAI8NM="></latexit><latexit sha1_base64="GIRnSBaUtnOMaqtWMU9XZiAI8NM="></latexit><latexit sha1_base64="GIRnSBaUtnOMaqtWMU9XZiAI8NM="></latexit><latexit sha1_base64="GIRnSBaUtnOMaqtWMU9XZiAI8NM="></latexit>

Extend constraint-search over all density matrix-operators



E[·]
<latexit sha1_base64="rBrbW3MHmUltGmfhYDevTVVjHAs="></latexit><latexit sha1_base64="rBrbW3MHmUltGmfhYDevTVVjHAs="></latexit><latexit sha1_base64="rBrbW3MHmUltGmfhYDevTVVjHAs="></latexit><latexit sha1_base64="rBrbW3MHmUltGmfhYDevTVVjHAs="></latexit>

PN
<latexit sha1_base64="mVimqpmdRtJ/ymEgQ6g5rQB5GhE="></latexit><latexit sha1_base64="mVimqpmdRtJ/ymEgQ6g5rQB5GhE="></latexit><latexit sha1_base64="mVimqpmdRtJ/ymEgQ6g5rQB5GhE="></latexit><latexit sha1_base64="mVimqpmdRtJ/ymEgQ6g5rQB5GhE="></latexit>

EN
<latexit sha1_base64="OcR2swE+8Vqm8XW4ksz3QD83DSY="></latexit><latexit sha1_base64="OcR2swE+8Vqm8XW4ksz3QD83DSY="></latexit><latexit sha1_base64="OcR2swE+8Vqm8XW4ksz3QD83DSY="></latexit><latexit sha1_base64="OcR2swE+8Vqm8XW4ksz3QD83DSY="></latexit>

 
<latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit><latexit sha1_base64="5niA39TpPpDfZT9XccqW1eCh/3U="></latexit>

� E0
<latexit sha1_base64="EjJRz5dbyp5YQhcRHCU5yz0Na8Y="></latexit><latexit sha1_base64="EjJRz5dbyp5YQhcRHCU5yz0Na8Y="></latexit><latexit sha1_base64="EjJRz5dbyp5YQhcRHCU5yz0Na8Y="></latexit><latexit sha1_base64="EjJRz5dbyp5YQhcRHCU5yz0Na8Y="></latexit>

�
<latexit sha1_base64="RGDlnKijGguEoEXAhADe11gVDT8="></latexit><latexit sha1_base64="RGDlnKijGguEoEXAhADe11gVDT8="></latexit><latexit sha1_base64="RGDlnKijGguEoEXAhADe11gVDT8="></latexit><latexit sha1_base64="RGDlnKijGguEoEXAhADe11gVDT8="></latexit>

 E0
<latexit sha1_base64="qNHGCD2JF8eoo5e9nZacsUveD+8="></latexit><latexit sha1_base64="qNHGCD2JF8eoo5e9nZacsUveD+8="></latexit><latexit sha1_base64="qNHGCD2JF8eoo5e9nZacsUveD+8="></latexit><latexit sha1_base64="qNHGCD2JF8eoo5e9nZacsUveD+8="></latexit>

⇢
<latexit sha1_base64="f2xf13H6cahDAGiJOHJhDaAMUhE="></latexit><latexit sha1_base64="f2xf13H6cahDAGiJOHJhDaAMUhE="></latexit><latexit sha1_base64="f2xf13H6cahDAGiJOHJhDaAMUhE="></latexit><latexit sha1_base64="f2xf13H6cahDAGiJOHJhDaAMUhE="></latexit>

min
 !⇢

h |T̂ + Ŵ | i
<latexit sha1_base64="A3qWjng5aI8oQwltT9Sw4LHEXn4="></latexit><latexit sha1_base64="A3qWjng5aI8oQwltT9Sw4LHEXn4="></latexit><latexit sha1_base64="A3qWjng5aI8oQwltT9Sw4LHEXn4="></latexit><latexit sha1_base64="A3qWjng5aI8oQwltT9Sw4LHEXn4="></latexit>

�
<latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit><latexit sha1_base64="PIGpgVsRmo+y5E2nUKRm27ulwrQ="></latexit>

complexity approximated energy

explicit explicit explicit

explicit tough tough?

implicit easy easy

implicit cumbersome easy

Comparison

m
<latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit><latexit sha1_base64="9elTTUhl1bS2JRdIVHtdMyorxvI="></latexit> = 1D grid size

mdN
<latexit sha1_base64="Ja6Bsdj8B/LglvSTazshzGLZ00Y="></latexit><latexit sha1_base64="Ja6Bsdj8B/LglvSTazshzGLZ00Y="></latexit><latexit sha1_base64="Ja6Bsdj8B/LglvSTazshzGLZ00Y="></latexit><latexit sha1_base64="Ja6Bsdj8B/LglvSTazshzGLZ00Y="></latexit>

m4d
<latexit sha1_base64="TNtM3xfpDRQK2hs/rDJ7SR1ps0U="></latexit><latexit sha1_base64="TNtM3xfpDRQK2hs/rDJ7SR1ps0U="></latexit><latexit sha1_base64="TNtM3xfpDRQK2hs/rDJ7SR1ps0U="></latexit><latexit sha1_base64="TNtM3xfpDRQK2hs/rDJ7SR1ps0U="></latexit>

= dimensiond
<latexit sha1_base64="VdvFxDB0RBxLX9eGagjg3Y3K0Cw="></latexit><latexit sha1_base64="VdvFxDB0RBxLX9eGagjg3Y3K0Cw="></latexit><latexit sha1_base64="VdvFxDB0RBxLX9eGagjg3Y3K0Cw="></latexit><latexit sha1_base64="VdvFxDB0RBxLX9eGagjg3Y3K0Cw="></latexit>

md
<latexit sha1_base64="vHL08jyvQ5iu+bd0Ys5+U5JpgnM="></latexit><latexit sha1_base64="vHL08jyvQ5iu+bd0Ys5+U5JpgnM="></latexit><latexit sha1_base64="vHL08jyvQ5iu+bd0Ys5+U5JpgnM="></latexit><latexit sha1_base64="vHL08jyvQ5iu+bd0Ys5+U5JpgnM="></latexit>

m2d
<latexit sha1_base64="3W/nygLwUCxJZUdXRvKXXen4oU4="></latexit><latexit sha1_base64="3W/nygLwUCxJZUdXRvKXXen4oU4="></latexit><latexit sha1_base64="3W/nygLwUCxJZUdXRvKXXen4oU4="></latexit><latexit sha1_base64="3W/nygLwUCxJZUdXRvKXXen4oU4="></latexit>

min
⇢̂!�

Tr{⇢̂ Ŵ}
<latexit sha1_base64="Jp/x02Kh+HlXDRvE9+t/jXMuFak="></latexit><latexit sha1_base64="Jp/x02Kh+HlXDRvE9+t/jXMuFak="></latexit><latexit sha1_base64="Jp/x02Kh+HlXDRvE9+t/jXMuFak="></latexit><latexit sha1_base64="Jp/x02Kh+HlXDRvE9+t/jXMuFak="></latexit>



Advantage for 1RDM-FT in 
building approximate functionals

• Formal advantage: kinetic energy is known, so less to 
approximate than in DFT.


• Kinetic energy is known: no Kohn-Sham system needed.


• In practice: natural occupation numbers provide useful 
information on strong / static correlation.


• This natural occupation numbers can be used to 
construct approximate functionals, which can properly 
describe molecular dissociation.


