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“Reduced stuff” functional theories
Karush-Kuhn-Tucker conditions
Approximations

Making the theory work: finite one-particle basis &
temperature
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Solving the Schrodinger

equation
# electrons: 102
# coordinates: 306

# points per coordinate: 10
total # points: 10306

100000000000000000000000000000000000000000000000

0000000000000009H22GHAALRIRH0EG§H00000000000000
000000000000000000000000000000000000000000000000

0000000000095 AP RRACAPOLLHOAARRRAAP0000000000
000000000000000000000000000000000000000000000000

QDAACKENID O GURKRNROOORENNA008RPBABANANYEOANIING
0000000000000000000




Data compression

Most data in ¥ is not interesting/relevant

more efficient representation of W
try to by-pass W and calculate observables directly



Is DFT not enough?

Nuclear potential & electric field

o(r) = p(r)



The 1TRDM

1RDM = One-body reduced density matrix = 1-matrix

v(x1,X]) = N/dx2 ---/de U*(x],X9,...,XN) X

U(xX1,X2,...,XN)

Equivalent (for fixed N)

100,X0) = (UFDPEDE) [ 3 Lo



One-body operator
O = ia(xi)

1=1
N

<q"él|q’> — Z/Xm "'/dXN U (x1, X2, .. ., XN )
i=1

X



Linear operator

A

Alv +w) = Av + Aw

Discrete index (vectors) Continuous index (functions)
(AU)Z — ZAijvj = (Av)(x) :/dx’ A(x, x" v (x")
’ non-local

Diagonal operator (multiplication)
A = a;0;; = A(x,x") = a(x)d(x — x')
(flv) = a,;v; = (Av) (x) = a(x)v(x)

1

local = multiplicative



Kinetic example

) 1 1
1 = —§V2 — t(X,X/) — —§V35(X o X/)

(Tf) (x) :/dx’ t(x,x") f(x)
1

=3 dx’ Vi5(x — x') f(x')
1 , / /
— —§/dx Vid(x —x')f(x)
1 1

_ —§/dx’ 3(x —x)V2 f(x') = = V2 f(x)



Kinetic example

A 1 1
T:—§V2 = t(X,X’):—§V§5(X—X’)

1
— §Vr Vr/é(X — X,>
1
~ 5 ZVXk(X) VX
k

Sum over complete orthonormal basis



Energy components

Kinetic energy

Ty = /dX [——VQV(X x|, _

— / dx / dx" t(x', x)v(x,x")
Scalar potential (nuclei)

= [ dr o(x)p(r)



Pair density

P(x1,x2) = N(N — 1) /ng ces /dXN W (x1,Xs,X3

Equivalent (for fixed N)
P(x1,%x2) = <‘I’|W(Xl)Q@T(X2W(X2w(X1)|‘I’>

/Xm/dX2 ‘er :;(2|
1 — 12

E=TH|+V]p]+ W|P]

77777



Energy functional

B =T+ Vip] + W|P]

p <+ P

T T
v — T

['(x1,X2;Xh, x1) = ([T (x)) T (x5)0) (x2)1) (x1)| W)
P(X17X2) — F(X17X2;X27X1)

1

/dx2 ['(x1, Xo; X2, X7)



2RDM functional

' — m b =F
inf [T — IR '] = Eq

Py :={l': 3V = I'} = N-representable 2RDMs

Te{l'} = N(N — 1)
['(x1,x0; x5, x5 ) = I'™(x], x5; X9, X1)

and more!

['(x1,x0:%x5,%x;) = —I'(x2,X1; X5, X7 )

™ ~—— F(Xl, X9, X9, Xl) — P(



Comparison

complexity E H P N approximated energy

explicit explicit > E()

PNrz{p:H\If%p}z{p:pzoand/drp(r):N}

m = 1D grid size d = dimension



Density Functional Theory
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Back mapping: HK



Hohenberg-Kohn |

Suppose v1 and v» yield same WV
(T+Vi+W)¥ = E, ¥

(T + Vo + W)U = ;0

(Vi — Vo)W = (E; — E5)U

If W does not vanish on an open set (probably true): divide!
N
Vi — Vs = E (v1(r;) — v2(r;)) = En — Eo = const.
i=1
P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)



Hohenberg-Kohn lI

Suppose non-degenerate U, # W, both yield p

Ey = (U|T + Vi + W|T,)
< (¥, T+V1+W\If2>
— (Uo|T + Vo 4+ W W) + (Us|V; — Va| W)

= F5 —I—/dr p(r)(v1(r) — va(r))

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)



Hohenberg-Kohn lI

Suppose non-degenerate U, # W, both yield p

E) < Es —|—/dr p(r)(v1(r) — va(r))

Ey < Eq /dr p(r)(va(r) — vi(r)) (1 < 2)

+

E1+Ey < By + Eo

Impossible! = W |p|is unique

P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964)



Density Functionals

Via HK mapping all observables functionals of density
O[/O — <\Ijgs[p]|0‘qjgs[p]>

Caveats:

* Degeneracy

» Only works for v-representable densities

V-representable set |/, :— {p : dv — P = ,Ogs}



Energy as (Universal)
Density Functional

B, = mq;nmmm

— min min (V| H |T)
p VY—=p

= min (V[p] + min (U|T + WW))

P V—p

= Fr|p]

N-representable densities: Any (positive) density integrating
to an integer number of particles



V-repr haunts DFT

To find stationary point:

_5_E_5FL - o(r)
- dp 6p

C

0FT

o = —v(r) +

0FT, _ .
—— Is only defined for v-representable densities...

0p



Comparison

écomplexityé E H P N approximated energy

explicit explicit > E()

sy min (O[T + W|0)

...............................................................................................................................................................................................

m = 1D grid size d = dimension



1RDM Functional Theory
HY = B /dXQ'”/dXN

Dimensionality of TRDM requires non-local potential as

conjugate variable
/dx/dx v(x,x' )y(x', x)

T.L. Gilbert, Phys. Rev. B 12, 2111 (1975)



Diagonalisation 1RDM

V(% x') = > npgr(x)dp (X))

e ¢r(X): natural (spin-)orbitals (NOs)

e Ny . (natural) occupation numbers

Bounds on occupations humbers

tr{y} = an N fermions: 0 < n; <1
& bosons: 0 < nji < 0o

P-O. Léwdin, Phys. Rev. 97, 1474 (1955)



Hohenberg-Kohn |

(Vi = Vo)U = (E; — E5)U

No division by W possible! — no HK |
Vil = [ [ ax’ xx Yo' x) = 3 melonlolen
k

* Potentials coupling to zero occupation problematic

e Many more [KG, J. Chem Phys. 143, 054102 (2015)]

T.L. Gilbert, Phys. Rev. B 12, 2111 (1975)



Hohenberg—Kohn |

v(X, X - > v(x,x)

\/
HK 11

Do not need multiplicativity of potential in HK I

HK Il works! W < ~

Oly] = (¥[y]|O|¥[4])

T.L. Gilbert, Phys. Rev. B 12, 2111 (1975)



Universal Functionals

E[y] = (U[y]|H|[¥[4])

= i {dr| -5V + 0| ) + (T [y][WE[H))
k

N—— ———

Only interaction part implicit!

Same problem: Only defined for 1RDMs generated by
ground states. Given a 7Y, how do we know?

T.L. Gilbert, Phys. Rev. B 12, 2111 (1975)



Universal Functionals

B, = m\gn<\IJ|1ﬁ[\\If>

— min min (¥|H| )
Y W=y

gl V=
N—

= Wr|v]

Pure-state N-representable 1RDMs: generalised Pauli constraints

= min (Th] + Viy] + m1n<\IfW\I!>)

Characterisation of Py := {U — ~} is difficult in general

M. Levy, Proc. Natl. Sci. USA 76, 6062 (1979)



Pure state N-repr

Ny
Pauli constraints for fermions: an =N 0<n; <1

1=1

But not sufficient!

Example: N = 3 fermions in N, = 6 orbitals

ny+ng ="n2+nNs =n3 +ng =1

ns +ng —ng >0

(ordered occupations from high to low)

R.E. Borland & K. Dennis, J. Phys. B 5, 7 (1970)



Comparison

écomplexityé E H P N approximated energy

explicit explicit > E()

min (U|W|¥)

W —y

m = 1D grid size d = dimension



Ensembles

K
weights: ZUJK =1 0 <wg(<1)
K

density-matrix operator: p = Z Wi |V (Vi

Tr{-} =) (k|- [Pk)

pure-state included as: wy =1 (wxx; = 0)



Universal Functionals

Ensemble N-representability: Pauli constraints sufficient!

k

Extend constraint-search over all density matrix-operators
Wy [y] = min Tr{p W}

p—y

Additional advantage: functional is now convex (also DFT)

A.J. Coleman, Rev. Mod. Phys. 35, 668 (1963)
S.M. Valone, J. Chem. Phys. 73, 1344 (1980)
E.H. Lieb, Int. J. Quantum Chem. 24, 243 (1983)



Comparison

complexity E H P N B N approximated energy

explicité explicit explicit > E()

min Tr{p W}
p—y

m = 1D grid size d = dimension



Advantage for 1RDM-FT In
building approximate functionals

e Formal advantage: kinetic energy is known, so less to
approximate than in DFT.

e Kinetic energy is known: no Kohn-Sham system needed.

e |n practice: natural occupation numbers provide useful
information on strong / static correlation.

e This natural occupation numbers can be used to
construct approximate functionals, which can properly
describe molecular dissociation.



