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a crash course in solid state 
electronic structure theory 
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pz orbitals 

The benzene molecule: Hückel for π-states 

   ĤΨm(r) = EmΨm(r)→ H cm = Emcm

  H⎡⎣ ⎤⎦nn = φn Ĥ φn ≡ ε   H⎡⎣ ⎤⎦nn±1 = φn Ĥ φn±1 ≡ t

  
H⎡⎣ ⎤⎦np = 0; p ≠ n,n ±1

6 X 6 problem 
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Ψm(r) = cnφn(r)

n=0
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∑
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Hückel for π-states: the solid state way 

  H⎡⎣ ⎤⎦k 'k = ψ k ' Ĥ ψ k = δk 'k ε + 2t cos(ka)( )
Hamiltonian becomes diagonal 

   
ψ k (r) =

1

6
eikRn φn(r)

n=0

5

∑

basis set transformation 

  

Rn = na;n = 0,...,5

k = m 2π
6a

;m = 0,...,5

⎧
⎨
⎪

⎩⎪

  
U[ ]kn =

1

6
eikRn is a unitary transformation 

  ψ k ' ψ k = δk 'k

eigenvalues 

  Ek = ε + 2t cos(ka)

eigenstates 

   ψ k (r) “Bloch states” 
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solid state way: works for any ring 

  H⎡⎣ ⎤⎦k 'k = ψ k ' Ĥ ψ k = δk 'k ε + 2t cos(ka)( )
Hamiltonian becomes diagonal 

   
ψ k (r) =

1

N
eikRn φn(r)

n=0

N−1

∑

basis set transformation 

  

Rn = na;n = 0,...,N −1

k = m 2π
Na

;m = 0,...,N −1

⎧
⎨
⎪

⎩⎪

  
U[ ]kn =

1

N
eikRn is a unitary transformation 

  ψ k ' ψ k = δk 'k

eigenvalues 

  Ek = ε + 2t cos(ka)

eigenstates 

   ψ k (r) “Bloch states” 
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my first band structure: 1D periodic lattice 

   
ψ k (r) =

1

N
eikRn φn(r)

n=0

N

∑   
k = mΔk; Δk = 2π

Na

Bloch states 

Born-von Karman 
boundary condition 

 Rn+N = Rnt 

ε 

t 

a 2a -2a -a 

  R0  Rn = na

eigenvalues   Ek = ε + 2t cos(ka)

 
Ek+N Δk = Ek    

ψ k+N Δk (r) =ψ k (r)are periodic in k 

interval containing all information 
  
k ∈ − π

a
; π

a( ⎤
⎦

“Brillouin zone” 

unit cell 

ring-like topology 



my first band structure: 1D periodic lattice 

t 

ε 

t 

a 2a -2a -a 
unit cell 

  R0  Rn = na

   
ψ k (r) =

1

N
eikRn φn(r)

n=0

N

∑

Bloch states are waves 

   Ek = ωk = ε + 2t cos(ka)“dispersion relation” 

group velocity of 
electron waves  

vg =
dωk

dk

QM particle  
wave duality   p = k electric and heat  

conduction   

   φn(r)

 eikR



my first band structure: 1D periodic lattice 
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ε 

t 

a 2a -2a -a 
unit cell 

  R0  Rn = na

eigenvalues   Ek = ε + 2t cos(ka)
  
k ∈ − π

a
; π

a( ⎤
⎦

  

Γ
(k = 0)

  

X
(k = π a)

  ε + 2t

  ε − 2t

ε

  

X
(k = −π a)

 Ek

 k

(energy) band 

filled states 

Fermi energy = energy 
of highest filled state 

 εF

Fermi energy cuts through a band -> a metal !! 

benzene  N →∞



my first band structure: 1D periodic lattice 

t 

ε 

t 

a 2a -2a -a 
unit cell 

  R0  Rn = na

total energy 
  
Etot = 2 Ek

k

occ

∑ = E D(E)dE
−∞

εF

∫
  

Γ
(k = 0)

  

X
(k = π a)

  ε + 2t

  ε − 2t

ε

  

X
(k = −π a)

 Ek

 k

 εF

  ε + 2t   ε − 2tε

  D(E)

 E

 εF

density of states: number of energy levels per unit energy 

  ε + 2t   ε − 2tε

  D(E)

 E

 εF



my second band structure: a semiconductor 

t 

ε1 

t 

a -a ε2 

t 

   
χ1,k (r) = eikRn φ1,n(r)

n=0

N

∑
Bloch orbitals 

   
χ2,k (r) = eikRn φ2,n(r)

n=0

N

∑
Hamiltonian matrix 

  

Hk =
φ1,0 Ĥ χ1,k φ1,0 Ĥ χ2,k

φ2,0 Ĥ χ1,k φ2,0 Ĥ χ2,k

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

ε1 t 1+ e− ika( )
t 1+ eika( ) ε2

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

   ψ k (r) = c1,kχ1,k (r) + c2,kχ2,k (r)

Bloch state 

Bloch vector 

  

ck =
φ1,0 ψ k

φ2,0 ψ k

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
=

c1,k

c2,k

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

unit cell: atoms 1,2  ε1 < ε2



my second band structure: a semiconductor 

t 

ε1 

t 

a -a 
unit cell 

ε2 

t 
   ψ k (r) = c1,kχ1,k (r) + c2,kχ2,k (r)

Bloch state 

  

Hk ck = Ek ck →
ε1 tk

tk
* ε2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

c1,k

c2,k

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
= Ek

c1,k

c2,k

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

Hückel 

  tk = t 1+ e− ika( )

  
Ek

± = 1
2
ε1 + ε2( ) ± 1

4
ε1 − ε2( )2 + tk

2⎡
⎣⎢

⎤
⎦⎥

1
2eigenvalues 

  
tk

2
= 4t2 cos2 ka

2( )



  

X
(k = −π a)

my second band structure: a semiconductor 

t 

ε1 

t 

a -a 
unit cell 

ε2 

t 

Bloch state 

  
E = 1

2
ε1 + ε2( ) ± 1

4
ε1 − ε2( )2 + 4t2 cos2 ka

2( )⎡
⎣⎢

⎤
⎦⎥

1
2eigenvalues 

  

Γ
(k = 0)   

X
(k = π a)

 Ek

 k

 ε1

 ε2

Fermi energy in band gap-> an insulator/semiconductor !! 

 εF

Fermi energy 

filled band 

empty band 

band gap 


