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l. Linear response
A. Non-equilibrium pdf’s

Generalize probability distributions in configuration space
to become time dependent

Pr(i, <R (t) <T +dF,...,fy <R (t) <F, +di,) =P(r®;t)d*r
Time dependence results from

R (0)—>R (t) Wn

Time dependent properties

(B)(t) = j dr3VB(r3V)P(riV;t)



l. Linear response
A. Non-equilibrium pdf’s

Notation

P(r*;t) = [d*xG (r*™ , x*N; 1) POt - 7)

At equilibrium

3N . 3Ny €
P (r't) =P, (r")=

—D(r3N)/kgT
Z
P, (r*) = [d*™G(r™, x*;7)P (x)

eq




l. Linear response

B. Relaxation

* Prepare system

D, (r*";t) =) - A(r’'™o(-t)

e—ﬁ@(r?’“)wA(r?’N)

PA(rgN 0) =
—> Z )

3N 3N
ZA _ J-dSN =AM )+ A




l. Linear response

B. Relaxation

* Prepare system

First order in perturbation
Z,=2z[1+ p(A)]

2, =27} p(A)]

P, (r*";0) = %[1— BAR O+ g™

P,(r*";0) = P, (r*™)L+ B(AGP™) —(A))




l. Linear response

B. Relaxation

* Average value of quantity B at time
(B), () =[dr*"B(r*")P(r";t)
P(r™;t) = [d*G(r™, x™ ;)P (M) L+ (A~ (A)

%
(B), (=] d3NrB(r3N)j dMxG(r*" M ;t)R, (M) + A(AK) = (A))
:( J‘dsNrB(r:sN)J‘daNXG(rsN y3N - t)P (X3N)

+ﬂjd3NrB(r3N)jd3NxG(r3N XVt P, (M)A



l. Linear response

B. Relaxation

* Average value of quantity B at time

(B, (t) = (1 B(A))B)+ B(B(t) A(0))

(B(AQ)) = [d* x[ d*rB(r*™)G(r™ , x*" ;) A )P, (x*V)
Time correllation function!

Final result

(B),(®) =(B)+ (B A©)) - (B} A)]




l. Linear response

B. Relaxation

 Response function
General

H (", p*t) =H(", p™) = A(rY)F (1)
(B),(t)=(B)+ jdt'chA(t—t')F(t’) Causality!!
Present case

(B),(t)=(B)+ jdt’CI)BA(t —1")O(-t")



l. Linear response

B. Relaxation

 Response function

So f dt'd,, (t—t") = ﬂ[(B(t)A(0)>—<B><A>]

[t (1) = AlBOAO)~(B)(A)

d

s, (t) == |(BOAO)-(B)A)]




Il. Example: shear relaxation

A. Shear relaxation modulus

Fo =S, A

’ / /
A
Sress

S ()= jdt'G(t—t’)V'(t')

Shear relaxation modulus: G(t)



Il. Example: shear relaxation

A. Shear relaxation modulus
Special cases

e Step strain y(t) =y,0(t)
y (1) = 7,0(t)

S,y (1) = 7o [ AUG(t-t)5() = 7,G(1)
e Step strai:rate 7(t) = 7O(1)
S, (1) =7 j dt'G(t—t)O(t) =y j dt'G(t")

S, (t
n=lim Xy.( )
t—o0 7/

Tdt’G ()



Il. Example: shear relaxation

A. Shear relaxation modulus
* Oscillatory shear y(t) = wy, cos(wt)

y(t) =7, sin(at)
S, (1) = 7,[G'(w)sin(at) + G"(w) cos(wt) |

G'(w) = co]g dtG(t) sin(wt)

G"(w) = a)T dtG(t) cos(mt)




Il. Example: shear relaxation

A. Shear relaxation modulus

e Oscillatory shear details
S (1) = j dt'G(t —t')y(t")

S (1) =@y, J.dt'G (t—t")cos(awt") Causality = upper integration limit

S (1) = wy, | [ dt"G (t") cos(aw(t —t")) Causality = lower integration limit
0

S, (1) = @y, [ dt"G(t")[cos(wt) cos(at”) +sin(at) sin(at") ]

0




. Some macroscopic rheology

B. Kramers-Kronig

Mathematics (put in convergence factors when needed)

N[ : 27, Glo)_.
G'(w) —a)_c[ dtG (t) sin(t) R G(H) == g doo="=sin(at)
G"(w) = a)J- dtG(t) cos(wt) G(t) = ET do () cos(wt)

0 Ty 0]

G'(w")

!

G"(w)=w j it 2 j do' sin(w't) cos(at) = 0’ j dor C (“,’ ) j dt'sin(w't) cos(at)
0 7T 0 7T 0 0

@

G/()
(@) -

— G”:a)ETda)’
7T 0




Il. Example: shear relaxation

C. Dissipation

Work performed per second by external force

ot 0S :
F tE: AS Hy

Average work performed per cycle

V 27l a)}/z
Jdis,, 7)) =V =*6"(e)
0

27 w



Il. Example: shear relaxation

C. Green-Kubo expression

-/

Work performed by external force during step strain

w=F*ds=S, Ay,H

W= (I)(l_’-> +7/0y1é\x1--'1 FN +7/OyNéX)_q)(r3N) _)

_Z_VOYn _?/OZFx,nyn

1
_V; |:x,n Yn




Il. Example: shear relaxation

C. Green-Kubo expression

Probability distribution after step strain

P(r3N ,0) = Peq(ri_yoylé\x """ N\ = 7oYnE)
_ﬁq)(r:m)_ﬂ?/ozl:x,nyn
P(r’™,0) = 1o ”
Z
P(rSN ,O) _ Peq (rSN )e"‘ﬁ?/ovsxy
P(r*™,0) =P (r’" )1+ Br,VS,,)
Shear relaxation modulus

<sxy>(t) Vv
. —> G(t)= T

G(t) = (S, (1S, (0))




lll. Coarse graining

Experimentally: limited resolution
Simulationally: limited computing power
Conceptionally: enlarged understanding




lll. Coarse graining

Consider a particle with given initial position and
Initial velocity. Plot its path for different initial
configurations and velocities of the bath

At time t you will get a distribution of positions and
velocities



lll. Coarse Graining

e Full simulation using V (R, q)

- P(R,q) cc e V(R

P(R) o _[d Mge RO — g APR)
e Coarse simulation using ®(R)

— P(R) oc e PR



lll. Coarse Graining

Potential of mean force

®(R) = kT |njd M e~ (R.a)

deq _ﬂ -pV(R,q)
LD R, :<_av>
B

OR_ jd M e~ R




lll. Coarse graining

Hamiltonian mechanics
Time evolution

A=A(R,P,q,p)

., OA_dR, A dR, 0A dg, A  dp, OA

gt dt orR. dt o dt oq.  dt op,
_GH O0A oH A OH oA oH oA

oP, oR. c’BR oP, 8pm oq,, 8qm op,,

—~

=ILA



lll. Coarse graining

Hamiltonian mechanics

Formal solution (Taylor-expansion)
A) = Zt A0 =30 A=eta
3 k! dt* o = k!

d—A(t) eiLA



lll. Coarse graining

Coarse equation of motion

“(t)=e"ILP
el :

" (t) =e™| - =——(t)=F (t

dP

= O=(F),0+F,0O~(F), )




lll. Coarse graining

Rest force
|:n (t) _<Fn>B (t) — eiEt (Fn _<Fn>|3): eiEt |:nR
Properties

(FY), =(F~(F"), ), =0

<e‘Lt FnR>B £0



lll. Coarse graining

Rest force

Notation
(A)g =0 A

Make use of

t
ei[t _ e(l—go)iI:t +J‘dz_eil:(t—r)80 iLe(l—go)iI:z'
0



lll. Coarse graining

Result so far

t
9P (1) = _< N > +[dee IilFR +FF
B 0

dt R
Fnli\’t _ e(l—go)iLt FnR

<FnF,\)t>B _ Soe(l—go)iLt FnR ~0



lll. Coarse graining

Evaluate Liouville operator and perform
some mathematical manipulations

dP, oD (o Put=7) /rpr R
GO O-X] de=n P BFIEL) (=) + F

Memory !!! Fluctuation-dissipation !!!



Thank you

Brrrrrrerrrrrrerrerrrrerrrrrrerrrriels
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